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Abstract 

Recently, the old notion of causal boundary for a spacetime V has been 
redefined consistently. The computation of this boundary dV on any standard 
conformally stationary spacetime K = lx M, suggests a natural compacti- 
fication Mb associated to any Riemannian metric on M or, more generally, 
to any Finslerian one. The corresponding boundary 8b M is constructed in 
terms of Busemann-type functions. Roughly, 8b M represents the set of all 
the directions in M including both, asymptotic and "finite" (or "incomplete" ) 
directions. 

This Busemann boundary 8b M is related to two classical boundaries: the 
Cauchy boundary 8cM and the Gromov boundary 8gM. In a natural way 
8qM C 8bM C 8gM, but the topology in 8bM is coarser than the others. 
Strict coarseness reveals some remarkable possibilities — in the Riemannian 
case, either 8c M is not locally compact or 8gM contains points which cannot 
be reached as limits of ray-like curves in M. 

In the non-reversible Finslerian case, there exists always a second boundary 
associated to the reverse metric, and many additional subtleties appear. The 
spacetime viewpoint interprets the asymmetries between the two Busemann 
boundaries, 8gM(= 8bM), 8gM, and this yields natural relations between 
some of their points. 

Our aims are: (1) to study the subtleties of both, the Cauchy boundary 
for any generalized (possibly non-symmetric) distance and the Gromov com- 
pactification for any (possibly incomplete) Finsler manifold, (2) to introduce 
the new Busemann compactification Mb, relating it with the previous two 
completions, and (3) to give a full description of the causal boundary 8V of 
any standard conformally stationary spacetime. 
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1 Introduction 



In Differential Geometry there are quite a few boundaries which can be attached 
to a space, depending on the problem one would like to study. For a Rieman- 
nian manifold (M, g) , when g is incomplete the Cauchy completion yields a simple 
boundary. When g is complete, Gromov introduced a general compactification by 
using quotients of Lipschitz functions j!7j . Such a compactification coincides with 
Eberlein and O'Neill's one for a Hadamard manifold, which defines the boundary 
points as Busemann functions associated to rays, up to additive constants, and 
uses the cone topology j9|. This construction can be extended to more general 
spaces (as the CAT(O) ones), but it was not conceived for an arbitrary Rieman- 
nian manifold. Among the different boundaries in Lorentzian Geometry (Schmidt's 
bundle boundary, Geroch's geodesic boundary, Penrose's conformal boundary...), the 
so-called causal boundary (or c-boundary for short) becomes especially interesting. 
The c-boundary was introduced by Geroch, Kronheimer and Penrose [14] by using 
a conformally invariant construction, which is explicitly intrinsic and systematic (in 
advantage with the conformal boundary, widely used in Mathematical Relativity). 
But some problems about its consistency originated a long sequence of redefinitions 
of this boundary (see [3D] for a critical review). Recently, with the additional stim- 
ulus of finding a general boundary for the AdS-CFT correspondence, the notions of 
c-boundary and c-completion have been widely developed [T51 [HO [Ml EH 130] > and 
the recent detailed study in [T2] justifies that a satisfactory definition is available 
now. Moreover, several new ideas have been introduced for the computation of the c- 
boundary (or several non-problematic elements of it) in relevant cases p~j fTT l fT3 | 120] . 

In this article we carry out a systematic study of the c-boundary of a natural 
class of spacetimes, the (conformally) stationary ones. However, our motivation is 
not only to compute this boundary for a remarkable class of spacetimes, but also 
the revision of other classical boundaries in Differential Geometry — which turn 
out to be related with the causal one. More precisely, in order to describe the 
c-boundary of a standard stationary spacetime 7 = Mx M, the space of, say, "di- 
verging directions of curves on M" appears in a natural way. These directions must 
be computed with a Riemannian metric g in the particular case that the spacetime 
is static, and with a Finsler metric F of Randers type (and its reverse metric _F rev ) 
in the general stationary case. Such directions are computed from Busemann-type 
functions constructed for arbitrary curves of bounded velocity, and its topology is 
naturally defined from the chronological topology for any c-completion. Of course, in 
the particular case that (M, g) is a Hadamard manifold, the boundary agrees with 
Eberlein and O'Neill's one. But, in general, one obtains a new compactification 
of both, any Riemannian manifold and any Randers manifold, the latter trivially 
extensible to any Finslerian manifold. Then, it is natural to compare this new 
Busemann compactification of any Finslerian manifold with the classical Gromov 
and Cauchy completions. As far as we know, neither the Gromov compactification 
has been studied systematically for an arbitrary Finsler manifold, nor the Cauchy 
completion has been developed for a generalized distance, i.e. a non-necessarily 
symmetric distance (as the ones induced by Finsler metrics). As they present some 
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non-evident properties (which will turn out to be essential for the c-boundary) our 
first aim will be to study both completions in some detail. Then, we will intro- 
duce the Busemann boundary of a Finsler manifold (with no reference to the causal 
boundary or Lorentzian Geometry) and compare it with the other two completions. 
Finally, with all these elements at hand, a detailed picture of the c-boundary of a 
standard stationary spacetime will be achieved. 

The contents of the paper are organized as follows. The first subsection of Section 
[2] provides some generalities on the c-boundary construction for any strongly causal 
spacetime V. We emphasize some subtleties on this boundary dV: (a) at a point 
set level, the c-boundary is constructed by making pairs of elements from the future 
and past causal (pre)boundaries dV, dV so that a point, say P g dV, may be paired 
with more than one point F, F' £ dV yielding more than one pair (P, F), (P, F') in 
dV, and (b) even when the points in dV, dV yield only a single pair, the topology 
in dV cannot be regarded as a plain topological quotient of these two boundaries. 
In fact, such involved cases originated a long list of redefinitions of the c-boundary 
— and, remarkably, they will occur even is stationary spacetimes. So, we introduce 
the notion of simple c-boundary for the cases when these subtle possibilities do not 
occur (Definition 2.4). One of the goals of the present article will be to prove that, 
under very mild hypotheses, the c-boundary of a stationary spacetime is simple. The 
other two subsections recall some properties of Finsler manifolds and conformally 
stationary spacetimes. The latter summarizes the approach in [8], and it allows 
to understand that the conformally invariant properties of a stationary spacetime 
are codified in a Finsler metric. After these preliminaries, the following topics are 
developed. 

Section [3] The Cauchy completion of a non-necessarily symmetric distance is 
studied. Such distances are well-known since the old work by Zaustinsky |34j . and 
our definitions agree with this author. We distinguish between generalized distances 
(which are close to the symmetric case, and appear in Finsler manifolds) and quasi- 
distances (which will appear in the extensions of the generalized distances to the 
completions, and retain less properties), see Definition |3.1| Remark |3.2| We study 
the Cauchy completion of a generalized distance in some detail, because they contain 
some non-trivial subtleties, as the following: 

(a) There are three types of natural Cauchy completions, the forward, the back- 
ward and the symmetrized ones (Definition 3.11 3.21 Proposition 3.22 ). Of course, 
the three completions coincide for any (symmetric) distance, but even the sym- 
metrized boundary of a Finsler manifold may behave in a highly non-Riemannian 
way (Remark 3.23 Example 3.24 1. 

(b) There are two natural definitions of (forward) Cauchy sequence. The usual 
one (Definition. 3.4 which agrees with [3], for example) is a straightforward gener- 
alization of the symmetric case. The alternative one (Definition 3.13 Proposition 
3.14) seems more natural for the Cauchy completion (Proposition 3.16). These 



3.15), but they do yield equivalent Cauchy 



3.18), supporting the remainder of our ap- 



notions are not equivalent (Example 
completions (Theorem 3.17 Remark 
proach. 

(c) The generalized distance d can be extended to the (say, forward) Cauchy 
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completion Mq but, then, the extension qIq is only a quasi- distance (Proposition 



3.25). This lies in the core of many subsequent difficulties; in fact , whe n oIq is a 

). But for 
Is may be 



3.28 



generalized distance on Mq then Mq = Mq = M c (Proposition 
the quasi-distance dq, the topology associated to the open forward ba 
different to the one generated by the backward balls (and none of them is Ti). 
Moreover, only the latter topology ensures that Mq is truly a completion, i.e. any 
forward Cauchy sequence will be convergent i n Mq with the topology generated by 
the backward balls (Remark 3.26 Convention 3.27 Theorem 3.29). 

(d) It is even possible to extend further cZq (Proposition 3.32), yielding some 
relations between the forward and backward completions. Such relations will be- 
come quite natural under the viewpoint of the c-boundary (in fact, the asymmetries 
between Mq and Mq will reflect the asymmetries between the future and past di- 
rections in the spacetime). They support the notion of a generalized metric space 
with evenly pairing boundaries (Definition 3.34 see Figure |2b, which will be useful 
for the computation of the c-boundary of a stationary spacetime V. 

We emphasize that all the explained subtleties already appear in the simplest case 
of the generalized metric space associated to a Finsler metric of Randers type (the 
relevant case for the c-boundary of a stationary spacetime). So, the examples which 
exhibit these subtleties are chosen of this type. 

Sections [JJ [3[ Here, Gromov and Busemann completions and boundaries are 
extended to arbitrary Finsler manifolds. For the convenience of the reader, some 
properties are studied first in Section [4] for the particular case of Riemannian man- 
ifolds (or somewhat more general spaces as reversible Finsler manifolds, see Con- 
vention 4.1). As far as we know, the Finslerian versions in Section [5] had not been 
considered before. Even though our study is independent of Lorentzian Geometry, 
our definitions are guided by the detailed correspondence between global Finsler 
properties and global conformally invariant Lorentzian elements (causal objects) 
developed in [8]. Some connections between Finsler and Lorentzian elements had 
been also introduced in [15 under a local viewpoint, and in [7 in the framework of 
variational methods. 

For the Riemannian Gromov completion Mq, we distinguish between the proper 
Gromov boundary dgM, which contains "points at infinity", and the Cauchy- 
Gromov one OcgM. The latter includes the Cauchy boundary dc'M and, roughly, 
it can be understood as a local compactification of dc'M obtained by means of 
both, a coarser topology and the introduction of new boundary points which con- 
stitute the residual Gromov boundary 8rgM. In the Cauchy-Gromov completion 
Mcg = M U OcgM, a Hcinc-Borel property holds; so, the natural condition to 
ensure that the Cauchy completion Mq is topologically embedded in Mcg, is that 
dcM is locally compact (Corollary 4.13). All these properties are proved in the 
Riemannian case in Subsection |4.1| and then, only the specific difficulties of the 
Finslerian case are analyzed in Section |5.1| Essentially, these Finslerian difficul- 



ties involve three facts. First, the appropriate choices for notions such a Lipschitz 
function (Definition 5.2 Remark 5.3) or oriented-equicontinuity (Definition 5.10). 
Second, the existence of forward and backward completions Mq,Mq, which yield 
more possibilities to deal with (for example, the continuity of the inclusion of Mq 
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in Mq holds only under an additional hypothesis, see Lemma 



5.5 



and Remark 



5.6). 



And, third, some specific technicalities must be analyzed now, as the necessity of a 
version of Arzela's theorem for oriented-equicontinuous curves (Theorem 5.15), 

About the Busemann completion, it is inspired on two elements. On one hand 
(as a point set), in the commented Eberlein and O'Neill completion of Hadamard 
manifolds and, on the other (topologically) , in the interpretation of the graphs of 
Busemann-type functions (on Ricmannian and Randers-type Finsler manifolds) as 
points in the (future) causal completion of a stationary spacetime. Some properties 
of the Busemann completion for a Riemannian manifold had been already studied in 
[201 HI]- Here, we present a systematic study, which includes all the Finslerian man- 
ifolds. For the convenience of the reader, we explain first the Busemann completion 
Mb as a point set in the Riemannian case (Section 4.2). Such a Mb (Definition 



4.16 Remark 4.17) contains the points in Gromov's one Mq which can be obtained 

Intuitively, this means that these points in Mq can 
see Remarks 



4.18 5.41). So, in 



from Busemann-type functions, 
be "reached by curves asymptotically like a ray" 
spite of their very different definitions, Gromov and Busemann completions agree 
in most cases as point sets. However, the cases when they do not coincide become 
also interesting, and the existence of such differences will be equivalent to the exis- 
tence of differences at the topological level. For reasons of space, the study of the 
Busemann topology (or chr. topology) is postponed to the general Finlerian case. 
But the reader interested only in Riemannian Geometry will be able to reconstruct 
easily this part just by making some simplifications. 

The Busemann completions Mg in the general Finslerian case (or the somewhat 
more general spaces under Convention 5.1 1 are analyzed in Section 5.2 Its natural 



topology (the chronological topology) is adapted to the structure of the Busemann 
functions. It becomes somewhat technical, but it will admit natural interpretations 
from the spacetime viewpoint. The original space M can be embedded naturally 
in Mg, and these completions yield two compactifications of M. The Cauchy 
completion Mq is included in Mg so that dgM becomes the disjoint union of 
8qM ("incomplete finite directions") and the properly Busemann boundary <9g M 
("asymptotic directions"). The inclusion at the topological level is also discussed, 
as in the Gromov case. The com pari son between Gromov's and Busemann's com- 
pletions is carried out in Section 



5.3 



Mg is included in Mq and 



As a point set 

this inclusion may be strict (in particular, no point in dgM belongs to the resid 
ual Gromov boundary dt G M). The chronological topology on Mg is coarser than 
the induced from Mq, but also yields a compactification of M. This is done at 
the price of being non-Hausdorff, and has a natural explanation: while Busemann 
boundary compactifies only among "asymptotically ray-like directions" , Gromov 
one introduces additional points, not always reachable as the limit of some curve in 
M. Gromov completion has the nice Hausdorff property, but Busemann completion 
does not introduce points which may appear as spurious (Remark 5.41). Remark- 
ably, both topologies agree when the Busemann completion Mg is Hausdorff and 
this is equivalent to the equality of Mg and Mq as point sets (Theorem 5.39). 

In conclusion, our study gives a precise description of the three boundaries for 
a Finslerian manifold, which becomes especially simple when the conditions which 
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ensure both, Mg = Mq and the inclusion of Mp in Mg is an embedding, hold. 
The results in Sections 111 [5] are summarized in the following theorem: 



Theorem 1.1 Let (M,F) be any (connected) Finsler manifold with associated gen- 
eralized distance d. 

1. The (forward) Gromov completion Mq of(M,d) endowed with the quotient of 
the pointwise convergence topology (see Definition \5.Sfy of (M,d) is a compact 
metrizable topological space. 

2. The (forward) Busemann completion Mg of(M,d) endowed with the chrono- 
logical topology (see Definitions 5.17, 5.1£fy is a possibly non-Hausdorff T\ 



sequentially compact topological space. 

The (possibly non- continuous) inclusion i : Mg — > Mq satisfies that i^ 1 : 

i(Mg) — > Mi is always continuous (i.e., the chr. topology is coarser than the 
Gromov one). 

The following statements are equivalent: 

a) No sequence in Mg converges to more than one point in dgM with the 
chronological topology. 

b) Mq is H aus dor ff with the chronological topology. 

c) i : Mg — > Mq is continuous (and thus, an embedding). 

d) Mg = Mq both, as point sets and topologically. 

e) Mg is equal to Mq as point sets. 

3. The (forward) Cauchy completion Mq of(M,d) is a set endowed with a quasi- 
distance do (see Definition 3.1) which generates a natural T^-topology (see 
Convention 3.21). Its relations with Mq and Mg are the following: 



A) The natural map j + : Mq — > Mq is injective, and it is continuous if 
and only if the backward topolog y on Mq is finer than the forward one 
(i.e. condition (a4') in Lemma 5.5 is satisfied). In particular, j + is 



continuous if the quasi- distance dQ in Mq is a generalized distance (this 
property always happens in the Riemannian case). 



The Cauchy- Gromov completion Mq G (Section 5.1 below Theorem 5.9) 

T+ 



includes naturally the Cauchy one Mq as a point set, and it satisfies the 
Heine-Borel property (i.e., the closure in Mq G of any bounded set in M 
is compact); in particular, it is locally compact. 

Moreover, if dQ is a generalized distance and Mq is locally compact: a) 
j + is an embedding, b) the Cauchy completion agrees with the bounded 
part of the Gromov one both, as a point set and topologically ( there exists 
no residual Cauchy-Gromov boundary, i.e. d^ G M := 8qqM\8qM = 0j. 

B) Let jg : Mq -> Mg obtained by restricting j + (as j + (M G ) C Mg~) 
and consider the natural topologies ( chronological on Mg and the one in 
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Convention 3.21 on Mq). Then, jg is continuous if the backward topol- 



ogy generated by dQ on Mq is finer than the forward one. In particular, 
jg is always continuous in the Riemannian case. 

At any case, M is naturally an open dense subset of M% , Mg and M£ , each one 
endowed with its natural topology. So, the boundaries 8qM and d^M are sequen- 
tially compact and these two boundaries coincide if and only if no pair of points in 
dgM is the limit of a single sequence in M . 

Section [#| By using previous machinery, the c-boundary of a (standard) sta- 
tionary spacetime V is computed now. The results are summarized in Theorem 
1.2 below (Figures § [9] and [10] may be clarifying). But, previously, the following 
remarks are in order: 

(a) First, we have to compute the future causal boundary dV, composed by 
indecomposable past sets, IPs (plus the past causal boundary dV, composed by 
indecomposable future sets, IFs). This boundary will be endowed with Harris' 
chronological topology defined in [Jj5]. At least when Mg is Hausdorff, dV has 
a plain structure: it is just a cone on the forward Busemann completion dgM 
(Proposition 6.10 Theorem 6.26). Moreover, the points of the symmetrized Cauchy 
boundary 8qM yield timelike lines of the cone, and the other points of d^M yield 
lightlike lines. These results refine those in [TTJ |5D] for the static case, and extend 
them to the stationary one. 

(b) As we have already commented, some problems in the consistency of the 
notion of c-boundary dV for a spacetime has persisted along almost three decades. 
They affected to: (i) the identification problem between points of dV and dV 
(transformed in a pairing prescription by |26|). (ii) the minimal character of the 
c-boundary [TUl 130] and (Hi) its appropriate topology [TO] . The careful study by 
the authors in [12] gives an answer to these questions, and we follow this approach. 
Even though some of these subtleties had appeared in somewhat pathological space- 
times, we can find examples of all of them in standard stationary spacetimes (see, 
for example, Remark 6.21 with Examples 6.19 6.20 about the questions (i) and 
(ii)). In particular, the S-relation, which relates pairs IP-IF and defines the c- 



completion as a point set (see (2.1), \2.2\ below) was trivial in the static case, but 
it may be much more complicated here (Remark 6.21). The subtleties relative to 



the topology become especially interesting, even in the static case, as the correct 
topological (and chronological) description of dV requires the notion of Busemann 
completion Mb for a Riemannian manifold, plus the identification of Mq with a 
subset of Mb (endowed with the topology induced by Mb). This is studied in detail 
in Sections |6.3||6.5[ The refinement of the definition of c-boundary left as an open 
possibility in our study |121 (the distinction between causal boundary and properly 
causal boundary) does not apply here, as the c-boundary in the standard stationary 
case is always properly causal, Remark |6.12| 

(c) We also emphasize the remarkable role of the Cauchy boundaries 8qM in 
the computation of dV. If these boundaries where empty, no point in dV would 
be timelike and dV would be automatically globally hyperbolic. So, no pairings 
between points of dV and dV would occur (i.e. all the pairs in dV would be type 
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(P, 0), (0,-F) for some P £ dV or i* 1 £ dV). Therefore, a mathematically elegant 
assumption of completeness for the generalized distance d (as it is assumed in the 
study of the classical Gromov boundary) would spoil many beautiful possibilities 
for spacetimes. Moreover, we emphasize that the Busemann boundaries dgM split 
in two parts, the proper Busemann boundary d^M and the Cauchy one d^M (the 
latter with a topology which comes from the Busemann viewpoint, not from the 
viewpoint of metric spaces). Roughly, the former d + M corresponds with asymp- 
totic directions in M and yields (most of) the lightlike part of dV. The latter 
8qM corresponds with diverging directions at bounded distance in M, it yields the 
timelike points of dV and some very particular lightlike ones. 
Summing up: 

Theorem 1.2 Let (V,g) be a standard (conformally) stationary spacetime (see 
2.4) and normalize A = 1 with no loss of generality). Let F be its associated 



Finsler metrics (or Fermat metrics, see (2.5)), and denote as d the generalized 
distances associated to F ± . Then, the c-boundary dV has the following structure: 

1. Point set: 

(IA) The future (resp. past) c-boundary dV (resp. dV) is naturally a point 
set cone with base d^M (resp. dgM) and apex i + (resp. i~). 

(IB) A pair (P, F) £ dV with P^l satisfies that P = P(b+) for some 
c£ C + (M) (see Proposition 6.6) and: 



(a) Ifb+ = 00 then P = V,F = %. 

(b) Ifb+ £ B+(M)(= R x d+M, see tfQ i) then F = 

(c) Ifb+ £ B+(M) \ B+{M), then b+ = d+ with p 
d+M (see fjufy), P - P(d+) and F C F(d~). 



= (ft+,x+) £ K x 
In this case, there 



(CI ,x ) £ K x d c M and satisfy- 
) (in this case, p' is not necessarily 



are two exclusive possibilities 
(cl ) either F = 0, 
(c2) or F = F{dp,) with p' 
ing fi- - n+ = d+(x+ 
unique). 

Moreover, if x £ 8qM , thenp' = p, j" P = F(d~) and P is univocally 
S-related with F — F(d+). 

A dual result holds for pairs (P, F) with F 7^ 0. So, the total c-boundary 



is the disjoint union of lines L(P,F) (see Definition 6.11). 



When dV is simple as a point set (see Definition 2.4' in particular this 
happens when (M, d + ) has a forward or backward evenly pairing bound- 
ary, Definition 3.34), then dV it is the quotient set dV UddV/ ^5 of the 



partial boundaries dV, dV under the S-relation. 

2. Causality: For each pair (P,F) £ dV , the line L(P,F) is timelike if P = 
P(dp) and F = F(d~) for some p £ R x d^M, horismotic if either P or F 



are empty and locally horismotic otherwise (recall Definition 6.22). 
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3. Topology; 

(3 A) If Mg (resp. Mg) is Hausdorff, the future (resp. p ast) causal boundary 
has the structure of a (topological) cone (Definition 6.9) with base d^M 
(resp. dgM) and apex i + (resp. 

(3B) If Mq is locally compact and dg is a generalized distance, then V is 



simple (see Definition 2.4-) and so, it coincides with the quotient topo- 
logical space V UdV / of the partial completions V and V under the 
S-relation. 

Summarizing, if Mq is locally compact, dg is a generalized distance and Mg is 
Hausdorff, dV coincides with the quotient topological space (dV Ud dV) / ~g, 
where dV and dV have the structure of cones with bases dgM,dgM and 
apexes i + ,i~, resp. 

Remark 1.3 Previous theorem can be extended to the corresponding causal com- 
pletions in the obvious natural way (replacing the boundary of each type by the 
corresponding completion), at all the levels, i.e., as a pointset, causally and topo- 
logically. 



2 Preliminaries 

2.1 Spacetimes and c-boundaries 

We will use typical background and terminology in Lorentzian Geometry as in [U 
l27l [29] . A spacetime will be a time-oriented connected smooth Lorentzian manifold 
(V, g) (the time-orientation, and so, the choice of a future cone at each tangent 
space, will be assumed implicitly) of signature (—,+,...,+). A tangent vector 
v G T p V, p G V is called timelike (resp. lightlike; causal) if g(v, v) < (resp. 
g(v,v) = 0, v 7^ 0; v is either timelike or lightlike); null vectors include both, the 
lightlike ones and the vector. A causal vector is called future or past-directed if it 
belongs to the future or past cone. Accordingly, a smooth curve 7 : 1 V (I real 
interval) is called timelike, lightlike, causal and future or past-directed if so is 'y(s) 
for all s E I. 

Two events p, q G V are chronologically related p <^ q (resp. causally related 
p < q) if there exists some future-directed timelike (resp. either future-directed 
causal or constant) curve from p to q. If p 7^ q and p < q but p -yt. q, then p is said 
horismotically related to q. The chronological past (resp. future) of p, I~ (p) (resp. 
I + {pj) is defined as: 

I~(p) = {q G V : q < p} (resp. I + (p) = {q G V : p < q}). 

In what follows, we will be especially interested in the chronological past I~ [7] = 
U se il~ (j(s)) (resp. future / + [7] = D se il + (j(s))) of any future-directed (resp. 
past-directed) timelike curve 7 : / — > V. 
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Remark 2.1 Usually, in the literature a causal curve 7 with a compact domain 
I = [a, b] is allowed to be piecewise smooth, that is, it admits a partition a = to < 
t\ < . . . < t n = b such that: (i) the restriction of 7 to each subinterval [tj,tj + i] 
is smooth and causal, and (ii) the left and right velocities of 7 at each break tj 
lie in the same cone. This is technically convenient, even though typically it does 
not represent a true increment of generality (for example, in order to define the 
relations <C, <), because any such curve admits a variation through smooth causal 
ones with the same endpoints. 

Here, we will use typically, say, future-directed timelike curves defined on a half- 
open interval I = [a, b), which cannot be continuously extended to b. One can 
assume also that such a curve p is piecewise smooth in the sense that there exists 
a strictly increasing sequence {tj} b included in / such that conditions (i) and 
(ii) above hold. In fact, on one hand, all the techniques to be used here will work 
trivially in this alternative case. On the other, for any such a piecewise smooth 
curve p there exists a smooth future-directed causal curve p arbitrarily close to p 
such that I~[p\ = I~[p] (see for example [13 Sect. 3.3] J] 

The c-completion of spacetimes is constructed by adding ideal points to the space- 
time in such a way that any timelike curve acquires some endpoint in the new space 
|14j . To formalize this construction, which will be conformally invariant and ap- 
plicable to strongly causal spacetimes, previously we need to introduce some basic 
notions. 

A non-empty subset P C V is called a past set if it coincides with its past; 
i.e. P = I~[P] := {p G V : p <C q for some q G P}. The common past of 
S C V is defined by | S :— I~[{p G V : p < q Vg £ S}\. In particular, 
the past and common past sets must be open. A past set that cannot be written 
as the union of two proper subsets, both of which are also past sets, is called 
indecomposable past set, IP. An IP which does coincide with the past of some point 
of the spacetime P = I~ (p), p G V is called proper indecomposable past set, PIP. 
Otherwise, P = I~ [7] for some inextendible future-directed timelike curve 7, and 
it is called terminal indecomposable past set, TIP. The dual notions of future set, 
common future, IF, TIF and PIF, are obtained just by interchanging the roles of 
past and future in previous definitions. 

To construct a future and a past causal completion, first we have to identify 
each event p G V with its PIP, I~(p), and PIF, I + (p). This is possible in any 
distinguishing spacetime, that is, a spacetime which satisfies that two distinct events 
p, q have distinct chronological futures and pasts (p 7^ q =>• I ± {p) 7^ I ± (q)). In order 
to obtain consistent topologies in the completions, we will define the c-completion 
for a somewhat more restrictive class of spacetimes, the strongly causal ones. These 
are characterized by the fact that the PIPs and PIFs constitute a sub-basis for the 
topology of the manifold V. 

Now, every event p G V can be identified with its PIP, I~(p). So, the future 

1 If p were allowed to be continuously extensible to b then the extension may be non-differentiablc 
at b. However, it would be locally Lipschitzian and H 1 (see [6] Appendix A]), and any future- 
directed (smooth) causal curve p with endpoint p(b) would satisfy I~ [p] = I~(p(b)) = I~ [p]. 
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causal boundary dV of V is defined as the set of all the TIPs in V, and the future 
causal completion V becomes the set of all the IPs: 



V = PIPs, dV = TIPs, V = IPs. 

Analogously, each p € V can be identified with its PIF, I + (jp). The past causal 
boundary dV of V is defined as the set of all the TIFs in V, and the past causal 
completion V is the set of all the IFs: 

V = PIFs, dV = TIFs, V = IFs. 

For the (total) causal boundary, the so-called S-relation comes into play [3TJ 132] • 
Denote % = V U {0} (resp. % = V U {0}). The S-relation ~ s is defined in Vg x % 
as follows. If (P, F) e V x V, 

p p ( F is included and is a maximal IF in j" P , . 

s | P is included and is a maximal IP in J, P. 

Recall that, as proved by Szabados |31j . I~(p) I + (p) f° r ai l P € V, and these 



are the unique S- relations (according to our definition (2.1)) which involve proper 



indecomposable sets. For (P, P) £ x Vg, with (P, P) ^ (0,0), we also put 

P ~ s 0, (resp. ~g P) (2.2) 
if P (resp. P) is a (non-empty, necessarily terminal) indecomposable set and it is 



not S-related by (2.1) to any other indecomposable set. Now, we can introduce the 



notion of c-completion, according to [12] : 

Definition 2.2 As a point set, the c-completion V of a strongly causal spacetime 
V is formed by all the pairs (P, F) € V$ X V$ such that P ~$ F. The c-boundary 
dV is defined as dV :=V\V, where V = (p) , 1+ (p)) : p G V}. 

The chronological relation of the spacetime is extended to the completion in 
the following way. We say that (P, P), (P' , F') € V are chronologically related, 
(P,P)< (P',F'), if PDP'^0. 

Finally, the topology of the spacetime is also extended to the completion by 
means of the so-called chronological topology (chr. topology, for short). The mo- 
tivation for this topology comes from the following observation [19]. The natural 
topology of V can be characterized by a limit operator L which determines the 
possible limits for any sequence a = {x n } in V. More precisely, we write x £ L(a) 
if and only if 

(a) for all y <C x, for all sufficiently large n, y <C x n , and 

(b) for any x' with I~(x) C I~(x'), if for all y <C x', there is infinitely many n's 
with y <C x n , then x — x' . 
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The operator L can be rewritten in terms of IP's and, then, it can be applied to any 
sequence in V. Moreover, it can be used to define the natural (future) chr. topology 
on V by imposing that a subset C C V is closed if and only if L(a) C C for any 
sequence a C C (recall that, now, the limit operator L determines the convergence 
of sequences in an indirect way [TH1 p. 562]). A dual construction can be carried 
out with a limit operator L which defines the (past) chr. topology on V. For the 
chr. topology on the (total) causal boundary V, a similar construction is done by 
using a single operator L constructed from the previous two ones L, L. 

Rigorously, the limit operator L for sequences in V is defined as follows: given 
a sequence a = {{P n , F n )} C V and (P, F) G V, 

{P,F)eL(a) <S=^ if P^0,PeL(P„) andif P^0,Pe L({P„}). 

wher^3 

L({P n }) := {P' G V : P' C LI({P„}) and P' is a maximal IP into LS({P n })} 
L({F n }) := {F' G V : F' C LI({P„}) and F' is a maximal IF into LS({P„})}. 

Then, the operator L defines the closed sets for the chronological topology on V 
as those subsets C C V such that L(a) C C for any sequence a C C. The chr. 
topologies on the partial completions V, V are expressible analogously in terms of 
respectively. 

Remark 2.3 We remark the following assertions about the chronological topology: 

(1) Clearly, if (P, P) G L({(P n , F n )}) then {(P„, P„)} converges to (P, P). When 
the converse happens, L is called of first order (see the discussion [T21 Section 3.6]). 

(2) Given a pair (P, P) G <9V, any timelike curve defining P (or P) converges to 
(P, P) with the chronological topology (see [12 Th. 3.27]). 

These definitions for the c-boundary construction involve some particular sub- 
tleties, which are essentially associated to the following two facts: an IP (or IF) 
does not determine a unique pair in the c-boundary; and the topology does not 
always agree with the S-relation, in the sense that 

P G L(P n ) & F G L(F n ). 

This makes natural to distinguish the following special cases: 

Definition 2.4 A spacetime V has a c-completion V which is simple as a point set 
if each TIP (resp. each TIF) determines a unique pair in dV . 

Moreover, the c-completion is simple if it is simple as a point set and also topo- 
logically, i.e. (P, P) G L(P n ,F n ) holds when either P G L({P n }) or F G L{{F„}). 

Observe that the condition of being simple as a point set is, indeed, a condition 
only on dV i.e., the notion of being simple as a point set makes sense for dV — this 

2 By LI and LS we mean the usual inferior and superior limits of sets: i.e. LI({A n }) = 
liminf(A„) := U£° =1 n^ n A k and LS({A„}) = limsup(A„) := n£° =1 Uf =n A k . 
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obeys to the original idea by Geroch, Kronheimer and Penrose [H] of regarding the 
causal boundary as a quotient of dV and dV. Nevertheless, the simplicity at the 
topological level involves also the spacetime V. Moreover, from the definition of L, 
when P G L({P n }) and F G L({F n }) one has (P,F) G L(P n ,F n ) always, and if, 
say, P is the empty set, then only the second of the previous conditions is required 
(the first one would not make sense, as the empty set is never an element of L(P n )). 
So, the topological simplicity must be checked only when P ^ ^ F. 

When V is simple as a point set then one can consider the disjoint union VUdV 
and the quotient V Ud V f obtained by identifying each TIP P (resp. IF F) 
with itself and, eventually, with the unique F such that P F. Clearly, V Ud V 
inherits a natural topology such that V and V are its connected parts and, then, 

V Ud V J is also regarded as a quotient topological space. 

Proposition 2.5 Let (V,g) be a spacetime: 

(1) If the chronological topology associated to the c- completion V is Hausdorff, 
then the c-completion V is simple as a point set. 

(2) If V is simple, then the the c-completion is naturally homeomorphic to 

V Ud V / through the mapping: 

p:V^VU d V/^ s , p(P,F):=(M j^g- (2.3) 



Proof. (1) From Remark 2.3 (2), any timelike curve defining a TIP P ^ converges 
to any pair of the form (P, F) G V with the chronological topology. Then, as V is 
Hausdorff, F is unique. 

(2) First, let us characterize the closed sets in V Ud V/~s- As the natural 
projection tt : V Ud V — > V Ud V/^s is continuous, and for any set C G V Ud V/~s 

7r -x (C) = C U d C C V U d V 

for some C C V, C C V, we have that C is closed if and only if so are C and C. 



Now, recall that p in (2.3) is well defined and bijective because of the simplicity 
as a point set of V. To check that p is continuous, let C be a closed subset of 
V —> VUdV I an d assume by contradiction that p _1 (C) is not closed in V. Then, 
there exist a sequence {(P n ,F n )} C p _1 (C) and some (P,F) £ p^ 1 (C) such that 
(P, F) G L(P n , F n ). From the definition of the limit operator L, if P 7^ (otherwise, 
reason with F ^ 0) then P G L(P n ). Nevertheless, this is a contradiction with the 
closedness of C (and then C), because by hypothesis {P n } C C but P ^ C. 

For the continuity of p , let C be now a closed set in V and assume by contra- 
diction that p(C) is not closed in VU d V/^ s . That is, n^ 1 (p(C)) = p{C) U d p{C) is 
not closed in V Ud V and, with no loss of generality, assume that p(C) is not closed 
in V. Then, there exist a sequence {P n } € p(C) and some P ^ p(C) such that 
P G L{P n ). As V is (topologically) simple, (P,F) G L(P n ,F n ), with (P n ,F n ) G C 
and (P, F) ^ C, in contradiction with the closed character of C. m 
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2.2 Finsler manifolds 



In this section, some basic elements of Finsler manifolds are outlined (for a general 
background, see for example [3]). 

Definition 2.6 A Finsler metric on a smooth manifold M is a non-negative func- 
tion F defined on the tangent bundle TM which is continuous on TM , C°° on 
TM \ {0}, it vanishes only on the zero section, it is fiberwise positively homoge- 
neous of degree one (i.e. F(x,Xv) — XF(x,v) \fx € M, v 6 T X M and A > 0), 
and F 2 is fiberwise strongly convex (i.e. the matrix [d 2 F 2 / dv l dv 3 (x, v)} is positive 
definite for any (x, v) 6 TM \{0} 7 where the if 's denote linear coordinates in T X M ). 

A Finsler manifold is a pair (M, F) composed by a smooth manifold M and a 
Finsler metric F . 

Notice that, in general, a Finsler metric F is not reversible, i.e. it may happen that 
F(x, v) ^ F(x, —v) for some (x, v). The reversed Finsler metric F lcv of F is then 

F rcv (x,v) := F(x,-v) for all (x,v). 

In what follows, the classical notation above will be simplified by putting F(v) 
(v e TM) instead of F(x,v) (x € M, v £ T X M). The length of a piecewise smooth 
curve c : [sq, si) — > M with respect to a Finsler metric F on M is given by: 



length F (c) := / F(c(s))ds 

J s 



Because of non-reversibility, this length is not invariant under reparamctrizations 
which change the orientation. However, one still has: 

Proposition 2.7 For any Finsler manifold (M, F) the map dp : M x M — > K 

y) inf lengthy (c) > 0, 

cGC(x,y) 

where C(x,y) is the set of piecewise smooth curves starting at x and ending at y, 
satisfies all the axioms of a distance on M but symmetry (i.e., dp{x,y) ^ dp(y,x), 
in general). 

The conclusion can be restated by saying that (M, dp) is a generalized metric space 



according to Defn. 3.1 below (see Remark 3.3). 

A Randers metric on M is a Finsler metric F which can be written as F(v) = 
\Zgo(v, v) + io{v) 2 + ui{v) for some Riemannian metric go and 1-form u> on M. Ran- 
ders metrics constitute a typical class of non-reversible Finsler metrics, and will 
appear naturally in standard stationary spacetimes. 

2.3 Conformally stationary spacetimes 

A conformally stationary (resp. stationary) spacetime is a spacetime (V, g) which 
admits a timelike conformal-Killing (resp. Killing) vector field K; in this case, the 



15 



vector field K is also called conformally stationary (resp. stationary). (V,g) is 
standard conformally stationary if it can be written as: 



V = RxM and g = A(-dt J + -k*w ® dt + dt <g> 7T*u; + ir*g ), (2.4) 



where (M,go) is a Riemannian manifold, a; a 1-form on M, A a positive function 
on V and t : R x M — > R, i : R x M — » M the natural projections. Locally, 
any conformally stationary spacetime looks like a standard one with K = d t . If 



A in (2.4 1 is independent of the t £ R coordinate then (V, (?) is called standard 
stationary. 

Along this work, we will assume two harmless simplifications. First, the confor- 
mally stationary vector field K will be always unitary (g(K,K) = —1) and, thus, 
stationary. The reason is that we will be interested only in conformally invariant 
elements (as so is the c-boundary) and, thus, we can change the original metric g 
by g* — —g/g(K, K) with no loss of generality. 

The second one is to consider always the standard stationary case i.e., globally 



the expression (2.4) (with A = 1). This is a natural simplification because a recent 
result in |23j shows that a stationary spacetime V is standard if and only if: (i) 
it is distinguishing ; and (ii) admits a complete stationary vector field K . As we 
have seen, condition (i) is necessary to deal with the c-boundary (in fact, it is less 
restrictive than strong causality) . Condition (ii) is not fulfilled in general: typically, 
one can put some holes in a standard stationary spacetime and both, the standard 
character and the completeness of K are dropped. However, in such an example, 
the spacetime would admit an open conformal embedding in the original standard 
stationary spacetime, (and, for example, the results in [12 which relate the causal 
and conformal boundaries may be applicable). So, the restriction to the standard 
case allows us to focus on the specific problems of the c-boundary for a stationary 
spacetime. 

As we will see along this paper, the structure of the c-boundary for these space- 
times is closely related to properties of two Finsler metrics F + , F~ of Randers type 
on the spatial part M. These metrics (or Fermat metrics) are defined in terms of 
go and ui (for A = 1); concretely, 

F ± (v) = ^go{v,v) +u{v) 2 ± u{v) W e TM. (2.5) 

We will put simply F = F + , and then, F rcv = F~ . It is worth pointing out that 
the same standard stationary spacetime can be decomposed as standard stationary 
in more than one way (with different go and oj). Then, all the Fermat metrics 
associated to some decomposition will share those properties which are associated 
to the geometry of the spacetime V. These properties include the possible global 
hyperbolicity or causal simplicity of the spacetime (see [8]). 
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3 Cauchy completion of a generalized metric space 



3.1 Basic definitions 

We start by outlining some basic elements of generalized metric spaces (for a general 
background see [51]). 

Definition 3.1 A generalized metric space is a pair (M,d), where M is a set of 
points and d : M x M — > R is a generalized distance (or generalized metric,), i.e. d 
satisfies the following axioms: 

(al) d(x,y) > for all x,y £ M. 

(a2) d(x, y) = d(y, x) = if and only if x = y. 

( a3) d(x, z) < d{x, y) + d(y, z) for all x,y, z £ M . 

(a4) Given a sequence {x n } C M and x £ M, then lim n _ >00 d(x n , x) = if and 
only if Hindoo d(x, x n ) = 0. 

A quasi-distance on M is a map dQ :MxM-> RU{oo} which satisfies the axioms 
(al), (a2) and (a3) above. 

The reversed generalized distance eF cv of a generalized metric d is defined as d rev (x, y) - 
d(y,x), and the symmetrized distance d s as 

d s (x,y) = ±(d(x,y)+cr v (x,y)). (3.1) 

It is direct to check that d s is a true (symmetric) distance. 

One can define for d the notions of forward and backward balls of center x £ M 
and radius r > 0; say, for open balls, 

B + (x, r) = {y £ M : d(x, y) < r}, B~ (x,r) = {y £ M : d(y,x) < r}, resp. 

These balls coincide with the corresponding backward and forward balls for d rev , 
resp. In what follows, we will use "forward elements" , being the backward ones 
analogous (and corresponding to cf cv ). The balls for the symmetrized distance will 
be denoted B s (x, r). 

From the triangle inequality (aS), if y £ B + (x,r) one has B + (y,r') C B + (x,r) 
whenever < r' < r — d(x,y), and the forward open balls constitute a basis for 
a (first countable) topology. Moreover, with this topology a sequence {x n } C M 
converges to some x £ M if and only if d(x,x n ) — > 0. By (a4) this convergence is 
equivalent to the convergence with the topology generated by the open backward 
balls (which will be equal to the former forward topology). 

Remark 3.2 Previous definitions are extended naturally to any quasi-distance dQ. 
Recall that for such a dQ the hypothesis (of.) in Defn. 3.1 holds if and only if the 
topology generated by the forward balls coincide with the topology generated by the 
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backward ones -and, then, also by the open symmetrized balls. So, any generalized 
metric or quasi-distance satisfying (a4) will be regarded as a topological space with 
the topology generated by the open forward and backward balls, and the limits in 
(a4) characterize the convergence of {x n } to x in the unique natural sense. 

Moreover, this condition (a4) implies the following natural property: If cIq (x,y) = 
then d,Q(y,x) — 0, and thus, by (a2), x — y (in particular, the topology is Haus- 
dorff). So, the strengthening of (a2), d(x,y) = iff x = y, holds in any generalized 
metric space (M, d) , but it is easy to check that this property does not imply (a4) 



(see Example 3.24) 



Remark 3.3 We will be interested in the study of Finsler manifolds (M, F), which 
yield the generalized metric spaces (M, dp), (M, d F ^ v ): in fact, these spaces satisfy 



condition (a4) in Defn. 3.1 because the topologies associated to dp and d™ v = dpr 



coincides with the topology of the manifold (see for example [31 Sect. 6.2 C]). 

3.2 Forward and backward Cauchy boundaries as point sets 
3.2.1 Cauchy sequences and completions. 

Definition 3.4 A sequence a = {x n } in a generalized metric space (M,d) is a 
(forward) Cauchy sequence if for all e > there exists n such that d(x n ,x m ) < e 
whenever hq < n < m. The space of all the Cauchy sequences will be denoted 
Cau + (M) or, simply, Cau(M). A backward Cauchy sequence is a (forward) Cauchy 
sequence for d Tev . The space of all the backward Cauchy sequences will be denoted 
by Cau"(M). 

Obviously, these definitions agree with the usual ones for (symmetric) distances, 
and are also extendible to quasi-distances. It is easy to check that any convergent 



sequence (with the natural topology, recall Remark 3.2 ) is Cauchy for a generalized 



metric (see Proposition 3.9 3) below) but this property fails for a quasi-distance 
(Remark [3~26] ;4)). 



Note the following straightforward assertion on double limits, which will be 
claimed several times: 

Lemma 3.5 Two sequences a = {x n },a' — {x' n } C M satisfy lim„ (lim m d(x n ,x' m )) 
= I, I G R (resp. i = oo ) if and only if for all e > there exists no > such that 
for all n > no there is some mo(n) satisfying: ifm > m,o(n) then \d(x n , x' m ) — £\ < e 
(resp. d(x n ,x' m ) > e). 

As a first technical result we have: 

Lemma 3.6 For any x € M and {x n }, {y n } € Cau(M), the sequence {d(x,y m )} 
converges in R, the sequence {d(y m ,x)} converges in [0, oo], and the double limit 

I = lim(Hmd(a; n ,j/ m )) (3.2) 

n m 

exists in [0, oo]. Moreover, there exist subsequences {x nk }k, {ym k }k such that £ = 
limfc d(x nk , y mk ) . 
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Proof. For the first assertion (the second one is analogous), assume first that the 
sequence does not converge in [0, oo]. Then, there exist two subsequences converging 
to different limits. Arranging appropriate subsequences {y mk \, {Um' k } such that 
m k < m' k and 

< e < d(x, y m , k ) - d(x, y mk ) < d(y mk , y m > k ) Vfc G N, 

a contradiction with the fact that {y m } is a Cauchy sequence is obtained. For the 
fmiteness of the limit, observe also that {d(x,y m )} m is clearly bounded, and thus, 
it must converge in K. 

For the limit (3.2), denote L n — lim m d(x n , y m ) and assume by contradiction 
that there exist subsequences L nk , L n ' k such that 

< 2ei < L„< -L nk . 

Without loss of generality, we can also assume n' k < 7i&. Then, there exist two 
sequences {y mk } and {ym' k } such that m k < m' k and 

) + d{y mk ,y m ' ) Vfc € N (3.3) 

in contradiction to the fact that {x n }, {y m } are both Cauchy sequences. 
Finally, the last assertion follows easily from Lemma [3. 5| ■ 



Remark 3.7 As a technical question to be used later, notice that, if {x n } G 
Cau(M) and {y n } G Cau~(M), we still have that lim„(]im m d(x n ,y m )) exists 
in [0, oo]. To check it, just interchange the roles of y mk and y m ' k m formula 
(3.3|. Of course, by applying Lemma [3.6| to d rov , we also have that {d(x, y m )}(= 



{rf rev (j/ m , x)}) converges in [0, oo] and {d(y m , x)}(= {d Tev (x, y m )}) converges in R. 

Definition 3.8 Two Cauchy sequences a — {x n },a' = {x' n } G Cau(M) are re- 
lated, a ~ a' , if 

lim(lim d(x n , x' m )) = lmx(lirad(x' ,x m )) = 0. (3-4) 

n m n m 

Proposition 3.9 (1) The binary relation ~ is a relation of equivalence on Cau(M). 

(2) Let x £ M, a — {x n },a' = {x' n } 6 Cau(Af). If a ~ a' then lim n d(x n ,x) — 
lim n rf(x'„,a;)(G [0,oo]). 

(3) If a representative of a class of equivalence converges, then any other rep- 
resentative of that class converges to the same limit. If two sequences {x n },{x' n } 
converge to the same point x, then both sequences are Cauchy and {x n } ~ 

Proof. (1) Symmetry and reflexivity are direct from the definitions. To prove tran- 
sitivity, consider Cauchy sequences {x n } ~ {x' n } ~ {x'n}- Let e > 0, by applying 
Lemma 3.5 to the first two sequences on the one hand, and to the last two se- 
quences on the other hand, one obtains the corresponding natural numbers no — : 
?ii2! Wo(n) =: mi2(n) and 7123, rri23(n), resp. To check that {x n } ~ {x'n}, define 
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l(n) := max{mi2(n), 7123} for each n > ni2. Then, use the claim with n.13 := n.12, 
7T *i3(n) := Tn23(l(n)), and take into account that, for n > 7113, m > mi3(n), it is 

d(x n , x m ) < d(x n , + d(x/( n ),x m ) < 2e. 

So, lim„(lim m d(x n , = 0, and the limit lim ra (lim m d{x'^, x m )) = is deduced 
analogously. 

(2) From Lemma|3.6|both limits exist in [0,oo], and 



\imd{x n ,x) < lim(lim(d(a;„, x' m ) + d(x' m , x))) = \imd(x / m ,x). 



n m 



So, lim„ d{x n , x) < lim m d(x' m , x) and the converse is analogous. 

(3) The first assertion is obvious from item (2) as the convergence is characterized 



by the limits with the distance (recall Remark 3.2 and its paragraph above) 



For the last assertion, recall that lim„ d(x n , x) = = lim„ d(x' n , x) = lim n d(x, x' n 



(where the last equality follows from condition (a4) in Definition 3.1 1 and d(x n , x' m ) < 
d(x ni x) + d(x, x' m ). Then, for any e > there exists n such that, for all m,n > n , 
d(x n ,x' m ) < e. This last property ensures that {x n } ~ {x' n }. For the Cauchy char- 
acter of (each) sequence, put x n — x' n in previous proof (obviously, the sequence is 
then both, forward and backward Cauchy). ■ 

Remark 3.10 The first two assertions in Proposition |3.9| can be extended directly 
to Cauchy sequences of any set with a quasi-distance (for the third one, a discussion 
on the topologies associated to the quasi-distance is required, see Remark |3.26| 
below) . This would allow to define also the Cauchy completion of any set endowed 



with a quasi-distance, as we will do next for generalized metric spaces (Defn. 3.11 ). 
Even though we will not be interested in this possibility, the extension of Proposition 
|3.9[2) to quasi-distances will be used below in order to ensure that the Cauchy 



completion of a generalized metric space becomes truly complete (see Theorem 3.29 
(hi)). 



Now, we are in conditions to define the (generalized) Cauchy completions. 

Definition 3.11 The (forward) Cauchy completion Mq of a generalized metric 
space (M,d) is the quotient space Mq := Cau(Af)/ ~. Then, M is regarded nat- 
urally as the subset of Mq consisting of the classes of equivalence of all the se- 
quences converging in M (c Mq). The (forward) Cauchy boundary of (M,d) is 
9+M := M + \ M. 

The backward Cauchy completion Mq and boundary DqM are defined analo- 
gously by using the reversed generalized distance cf' ev . 

Remark 3.12 (a) In the Finslerian case, c?f and dF r <™ are generalized distances 
associated to a length space (in the sense of [16U17] ); this means that such distances 
are computable from the infimum of the (previously defined) lengths of suitable 
curves connecting two points. In particular, this implies that an appropriate version 
of Hopf-Rinow Theorem holds (see [3 Appendix] for further details). 
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(b) Thus, the corresponding Cauchy boundaries can be constructed by using 
curves of finite length instead of Cauchy sequences. Namely, given a piecewise 
smooth curve (as in the case of spacetimes discussed in Remark 2.1 one can con- 
sider alternatively smooth or piecewise smoooth curves) 7 : [0, b) — > M, b < 00, 
parametrized with the length, any sequence {s n } /• b yields a Cauchy sequence 
{l( s n)} -and all the so-obtained Cauchy sequences are equivalent for ~. Con- 
versely, given a Cauchy sequence, a curve 7 as above is obtained by connecting 
appropriate terms of the sequence by means of arc-parametrized segments with 
lengths approaching fast to the distances between their endpoints. This viewpoint 
will be used later, when the Cauchy completion is regarded as a part of the Busc- 
mann one. 

3.2.2 Alternative Cauchy sequences yield the same completions 



The equivalence relation defined by the double limits in (3.4 1 suggests the following 



alternative way to introduce the notion of Cauchy sequence. 

Definition 3.13 A sequence a — {x n } in a generalized metric space (M,d) is a 
(forward) alternative Cauchy sequence z/lim„(lim m d(x n , x m )) = 0. The space of all 
the alternative Cauchy sequences will be denoted Cau^ lt (M) or, simply, Cau a i t (M). 
A backward alternative Cauchy sequence is a (forward) alternative Cauchy sequence 
for d rev . The space of all the backward alternative Cauchy sequences will be denoted 
Ca Ualt (M). 

Let us summarize the elementary properties of alternative Cauchy sequences. 

Proposition 3.14 Let a = {x n } be a sequence in a generalized metric space (M, d). 
Then: 

(1) a is an alternative Cauchy sequence if and only if for all e > there exists 
n such that for all n > n there is m (n) satisfying: if m > m (n) then 
d{x n , x m ) <C 6. 

(2) Any Cauchy sequence is also an alternative Cauchy sequence. 

(3) If d is symmetric then the alternative Cauchy sequences coincide with the 
Cauchy ones. 



Proof. (1) Apply Lemma 3.5 with a = a' . 

(2) From the definition of alternative Cauchy sequence, the property in (1) holds 
by putting mo(n) = n. 

(3) It reduces to prove the converse of (2). So, let a = {x n } be an alter- 
native Cauchy sequence, and e > 0. Take n Q and m (n) as in (1), and define 
m 12 =max{mo(ni), 7710(^2)} for each ni,n 2 > n . Then: 

^(*^ni 5 *^n2 ) — d(x ni , x mi2 ) -\- d(x mi2 , x n2 ) d(x ni , x rni2 ) -|- d(x ri2 , x mi2 ) <C 26, 

as required. ■ 
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Example 3.15 Let us show that, in general, there are alternative Cauchy sequences 
which are not Cauchy sequences. Consider the Finsler manifold (M, F) given by 

dx 2 



M = (0, oo), F = yj g + uj 2 + (j, where g — ~, uj = ~dx, 

1 + 

and the sequence a — {x n } C M, x n = n+(— 1)" . Observe that di?(^2n-i, £2n) > 
2, and so, a is not a Cauchy sequence according to Defn. |3.4| However, a is an 
alternative Cauchy sequence according to Defn. |3.13[ since 

lim(lim dp{x n , x m )) — lim(limlength F (a \t x x ))) = 0, where a(t) = t. 

The relevance of the notion of alternative Cauchy sequence for the Cauchy comple- 
tion is stressed in the first assertion of the following proposition. 

Proposition 3.16 (1) Let a, a' be two arbitrary sequences in a generalized metric 
space (M,d). If the double limits (3. 4) hold then a and a' are alternative Cauchy 
sequences. 



(2) The extension of the binary relation ~ (Defn. |ff.<g[ ) to the set Cau a it(Af) of 
all the alternative Cauchy sequences is also a relation of equivalence. 

(3) If a representative of a class of equivalence in Cau a it(M)/ ~ converges, then 
all the representatives of that class converge to the same limit. 

Proof. We will prove that a' is an alternative Cauchy sequence by using Prop. 



3.14 (1), being the proof of the remainder assertions similar to the case of Cauchy 



sequences. Given e > 0, use the values of n\ and m\(n) (for n > n\) in Lemma 3.5 



so that d(x' n ,x m ) < e whenever m > mi(n). Analogously, let 712 > and m>2 in) 
(for n > 77.2) so that d(x n ,x' m ) < e whenever m > m2(n). Put no := n\ and, for 
n > no, k(n) := max{mi(n), n-i\ and mo{n) := m2(k(n))- Then, if n > no and 
m > rn (n), it is 

d(x' n ,x' m ) < d(x n ,x k[n) ) + d(x k(n) ,x' m ) < 2e, 

as required. ■ 

Theorem 3.17 Any alternative Cauchy sequence a contains some subsequence a' 



which is a Cauchy sequence, and a ~ a' (i.e. (3.4) holds). Moreover, a converges 



if and only if so does a' , and the natural projection 

(Cau alt [M)/ ~) -> (Cau(M)/ ~) , [a] 1— > [a'} 
is well-defined and bijective. 

Proof. Let a = {x n }, and define inductively the subsequence a' as follows. For 
k = 0, put no = m(no) = 1 and, for each integer k > 1 take e = From 
Lemma 3.5 there exists n k > m(nfc_ 1) and m(rifc) > n/; such that d(x nk , x rn ) < 1/k 
for all m > m(nfc). Then, the subsequence {a; nfc }fc C {x n } n is a Cauchy sequence 



according to Defn. 3.4 In fact, for every k, if ki > fci > fc then rifej > 
and nfe 2 > m(n 
straightforward. 



and nk 2 > m(nfe 2 _i) > m^^), and so d{x nh , x niS2 ) < 1/fc. The remainder is 
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Remark 3.18 Theorem 3.17 ensures that, if we define the (forward) Cauchy com- 
pletion by using alternative Cauchy sequences instead of Cauchy sequences, the 
resulting space remains the same. This shows the consistency of our approach 
against possible alternatives. 

Notice that the consistency also includes the convergence of sequences. In par- 
ticular, the Finslerian version of Hopf-Rinow Theorem also holds if, instead of con- 
sidering Cauchy sequences, one uses alternative Cauchy sequences. 

In what follows, we will use Cauchy sequences instead of alternative ones, as the 
first set is smaller (Cau(M) C Cau alt (M)) and more classical. 

The next result summarizes the natural consistency between the notion of Cauchy 
sequence and the relation of equivalence ~. It is straightforward from Prop. |3.16| 



(1) and Theorem 3.17 



Corollary 3.19 Let a g Cau(M) and a 1 any sequence in M . If the double limits 



(3.4-) hold, then a' contains some subsequence a" £ Cau(M) satisfying a ~ a" . In 
this case, a is convergent if and only if so is a" , and the limits of both sequences 
coincide. 



3.2.3 The symmetrized Cauchy boundary 

Even though the forward and backward boundaries have been defined in terms of 
different objects, the following technical result allows to establish a precise relation 
between them. We always consider a = {x n }, a' = {a;^}. 

Proposition 3.20 If a, a' £ Cau(M) are equivalent for d and a £ Cau~(M), then 
a' £ Cau _ (M) and a, a' are also equivalent for <i rev . 

Proof. To prove a' £ Cau~(M), take e > and let ni, m\{n), n 3 , m 3 (n) be the 
natural numbers obtained by applying Lemma |3.5| to the equalities 

lim(limd(x n , x' m )) = 0, hm(limd(a; n , x m )) — (recall that a ~ a' for d). 

n m n m 

Since a £ Cau~ (M) , there exists n 2 such that if m > n > n 2 then 

Let no := max{ni,n2}, Nq :— max{n 3 , mi(no)}. For any m > n > Nq, take some 
k > max{m^{rn), no}. Then, 

d{x' m ,x' n ) < d{x' m ,x k ) + d(x k ,x no ) + d(x no ,x' n ) < 3e, 

and a' £ Cau~(M). To prove that a, a' are related for d rcv , consider the nat- 
ural numbers n\,m\(n),n-z, no = max{ni,n2} obtained as above, and let Nq := 
max{no, mi (no)}. If m > n > Nq then 

d(x m , x n ^j ^ d{x m , x no ) -\- d(x nQ , x n ^j <C 2e. 
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Therefore, lim„(lim m d lev (x' n , x m )) = 0. The other limit follows by interchanging 
the roles of both sequences. ■ 

With this result in mind, one can identify points in 8qM with points in OqM 
by requiring that they are represented by the same class of Cauchy sequences. In 
particular, the following natural definition makes sense: 

Definition 3.21 Let (M, d) be a generalized metric space. The symmetrized Cauchy 
boundary of M is the intersection of its two Cauchy boundaries: 

d s c M := d+M n d^M (and then, M s c := M U d s c M ). 



Easily, d%,M can be also computed in terms of the symmetrized distance in (3.1 1 



Proposition 3.22 A sequence a is Cauchy for d s if and only if it belongs to d^M . 
Thus, the symmetrized Cauchy boundary 8qM is equal to the Cauchy boundary for 
the symmetrized distance d s . 

Remark 3.23 For a Ricmannian metric, one has a unique Cauchy boundary, namely 



OqM, which is associated to a length space (see Remark 3.12 ). Nevertheless, in the 
Finslerian case, the symmetrized distance d s is not associated to a length space (see 
Appendix] and Example 2.3] for details). So, the construction of d^M can- 
not be carried out by means of lengths of curves in the natural way. This prevents 
us to consider the symmetrized Cauchy boundary BqM as a sort of Riemannian 
boundary in general. 

The next simple example justifies some of the cautions adopted with double limits 
along this section, and motivates the next one. 

Example 3.24 In this Finslerian example we show two Cauchy sequences in d^M 
satisfying that only one of the double limit equalities in (3.4) holds. Let c M 2 be 



the open disk of radius 1 where the segment [—1,0] of the horizontal axis has been 
removed. Define F — yj dr 2 + r 2 d9 2 + (1 — r) 2 d9 2 — (1 — r)dd in polar coordinates 
r, 6. Consider the sequences {x n = (r = l/n,0 = 0)} n ,{x' n = (r = l/n,6 = f)} n , 
whose classes of equivalence clearly belong to 8qM. Note that: 

lim(lim dp(x n , x' m )) = 0, lim(limdf(a;' , x m )) > 7r/4. 

n m ' n m 

In fact, for the first limit consider arc curves (of constant radius) from x n to x' n , 
and then, radial curves from x' n to x' m . For the second one, consider any curve 
7 : [a,b] — > D*,j(s) = (r(s),9(s)) joining x' n and x m , and let J := {s € [a, 6] : 
9(s) < 0}. Then, [0, f ] C 0(J), and so, 



length F ( 7 ) > J F(ff) = J [\lf 2 + r 2 9 2 + (1 - r) 2 2 - (1 - r)9j > \9\ > |. 
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3.3 Quasi-distance and topology on the Cauchy completions 

Example |3.24| also shows that, if a generalized distance d is extended naturally to 
Mq, then such an extension may not be a generalized distance. However, it will be 
still a quasi-distance (Defn. 3.1): 

Proposition 3.25 The map <1q : Mq x Mp — > [0, oo] given by 

d Q([{ x n}],[{Vn}}) lim(limd(a;„,y m )) (3.5) 

n m 

is well-defined and becomes a quasi-distance on Mq. 

Analogously, d vcv extends to a quasi-distance c?q v on Mq , and d s extends to a 
distance d s : M c x M c — ¥ M., which satisfies af = (dQ + dg v )/2 on M c . 

Proof. For the assertions on dQ (the assertions on dg v are proved analogously), 
note that, from Lemma 3.6 the limits type lim n (lim m d(x n ,y m )) always exist. In 
particular, they still exist if the sequences {i„}, {y n } are replaced by subsequences 
{x nk }k, {yn k }k, and ]im n (lim m d(x n ,y m )) = \im k d(x n k i ym k ) ■ 

If {x„} ~ {x' n } and {y m } ~ {y' m }, take subsequences {x nk } k , {x' n ,}k and {y mi }i, 

Mm' }i such that lim fc d ( x n k , x ' n <) = °> lim ; Av' m ' i Vm, ) = 0. Then, 

I k I 

lim n (lim m d(x n ,y m )) = lim fe (limi d(x„ k ,y mi )) 

< lim fc (\imi(d(x nk ,x' n , ■ ) + d(x' , ,y' m ,) + d(y' ,y m ,))) 

\ k k I I / 

= limfc (limi d(x' n , ,y' A) 

k I 

= lim„(lim m d(x' nl y' m )), 

and analogously for the reversed inequality. Therefore, dQ is well-defined. 

In order to prove that dQ is a quasi-distance on Mq, first observe that the 
equivalence dQ(x,y) — dQ(y,x) — iff x = y becomes obvious; in fact, the former 
holds iff {x n } — {y n }-, for x = [{x n }], y = [{y n }], i.e. iS x = y. For the triangle 
inequality, consider x = [{x n }), y = [{y m }], z = [{ z i}} and take subsequences 

{j/m„}n, {Zl n }n SUCh that 

d Q (x,y) =limd(x n ,y mn ), d Q (x,z) = lim d(x n ,zi n ), d Q (y,z) = hm d(y mn ,zi n ) 

' n n " n 

(for the last one, take a subsequence of the previous l n and rename it). Then, 
d Q (x,z) = ]imd(x n ,zi n ) < lim.(d(x n , y mn ) + d{y mn ,zi n )) = d Q (x,y) + d Q (y,z). 

n n 

Finally, the assertions on d s follow easily from Prop. |3.22[ and the usual properties 
of distances. ■ 

Remark 3.26 (1) As dQ is only a quasi-distance, there are two natural topologies 
on Mq-. the one generated by the forward open balls of dQ, and the one generated 
by the backward open balls. If {z n } C Mq then: 



z n — > z € Mq (forward balls topology) Aq{z, z n ) — > 

z n — > z 6 Mq (backward balls topology) dq{z n , z) — > 0. 



(3.6) 
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These two topologies arc different in general. In fact, Example|3.24 shows two points 



z = [{x n }],z' = [{<}] e d c M C d+,M such that d Q {z,z') = and d Q (z',z) > 0. 
So, any forward ball containing z also contains z' (and any backward ball containing 
z' also contains z) but the converse does not hold. In particular, the topology in 
M£ generated by the backward balls is not Ti — even though it is necessarily T . 



Note also that d becomes a true distance (Prop. 3.251, in spite of the fact that 
z,z' € d s c M. 

(2) The character of quasi-distance for dQ is sharpened in Fig. [I] In this figure, 
the Randers manifold (M,F) admits two boundary points Zi,Z2 S 8qM such that 
dQ^Zi, Z2) = and dg(z2, Z\) = 00. So, again the forward and backward topologies 
on Mq are different and non-Ti. Note also that d S remains finite, as M c — M. 

(3) Even though the names suggest that the topology generated by the forward 
open balls is the natural one in Mq, this is not the case, because of the following 
completeness property: with the topology generated by the backward open balls, every 
(forward) Cauchy sequence {x n } C M converges to the point z = which 
defines in Mq . In fact, 

lim d(x„, z) = lim(lini(i(a;„, x rn )) = 0, 



in agreement with the second equivalence in (3.6). In general, this property does 
not hold for the topology generated by the forward balls (see Examples 3.15 3.24). 

(4) As a relevant difference with the case of generalized distances, a convergent 
sequence for a quasi-distance (with the above natural topology) may not be Cauchy. 
In fact, consider again in Figure [T] the sequence {y n } given by j/2n+i = Ci(n) (the 
starting point of j n ) and ym = ca(^) (the endpoint). As c\ defines Z\, C2 defines Z2 
and d{zi,Z2) = 0, the sequence {y n } satisfies lim„ d{y ni ^2) = 0, even though {y n } 
is not Cauchy, as d(y2n,V2n+i) docs not converge to 0. 



Convention 3.27 The (forward) Cauchy completion Mj will be regarded as a 
topological spa ce w ith the topology generated by the backward balls for the quasi- 
distance dQ in (3.5). S o, t he convergence of a sequence in Mq is characterized by 



the second relation in (3.6), and each {x n } € Cau(M) converges to [{i„}] € M^ 



At any case, if cZq is a generalized distance, everything is simplified: 

Proposition 3.28 If dg is a generalized distance, then d^M — d c M. 

Proof. Consider z ~ [{x n }} & d^M and observe that lim„ dq{x n , z) — (recall Re- 
mark 3.26 (3)). From the generalized character of dQ, lim n c?q(z, x n ) — and, from 
definition of dq, lim„ lim m d(x m , x n ) — 0, i.e. the sequence {x n } is an alternative 
backward Cauchy sequence. Finally, from Theorem |3.17| there exists a subsequence 
{x nk } which is a backward Cauchy sequence, i.e. z = \{x r , 1 7/11/ rr 



d c M. 



u„J] € dcMnd+M 



Theorem 3.29 The (forward) Cauchy completion Mq of a generalized metric space 
(M,d) endowed with its natural (backward) topology in Convention 3.27 satisfies: 
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Figure 1: Limit situation for the quasi-distance cLq (see Remark 3.26|. 
An open subset M of M. 2 (the region in grey is removed) with a Randers metric F = 
yj dx 2 + dy 2 + ui 2 + uj. The radial dependence assumed for oj makes the rays Ci, C2 
to have finite length in the direction of the arrows; so, they determine some z\, z% € 
8qM. The length is infinity in the opposite direction. The angular dependence 
assumed for lo makes the lengths of curves 7„ to approach to in the direction of the 
arrows and to infinite in the opposite direction. So, dq(zx, z%) — 0, dq(z2, Zi) = oo. 
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(i) The topology is Tq, and if two distinct points of Mq are not Hausdorff related 
then they both lie at the boundary 8qM . 

(ii) The inclusion i : M — > Mq is a homeomorphism onto its image i(M), and 
i(M) is dense in Mq. 

(Hi) The quasi- distance g?q is forward complete, i.e. any forward Cauchy se- 
quence {z n } C Mq is convergent in Mq. 

The analogous statements hold for dg v on Mq, while (M c ,d ) is a (necessarily 
T2) metric space. 

Proof, (i) If x,y £ Mq are not To-separated, then y £ B~(x, i) and x £ B~(y 7 -) 
for all n. Thus, (1q(x, y) = dq{y, x) — and x — y, as g?q is a quasi-distance. 

Now, let x, y £ Mq be non-Hausdorff related, and assume x £ M. Taking into 
account that B~(x, ^)C\B~(y, i) 7^ for all neN, consider a sequence {x n } C M 
with x n £ B~(x, i) n B~(y, i). Then, ]im n dQ(x n ,x) — and, as c?q agrees with 
the generalized distance d on M, lim n dq(x, x n ) — 0. Therefore 

< d Q (x,y) < d Q (x,x n ) + dQ(x n ,y) -t as n -> 00. 

Therefore, if y = [{y„}], necessarily = d Q (x,y) = lim„ d Q (x, y n ), i.e. {y n } 
converges to x with the topology generated by the forward balls. As this topol- 
ogy coincides on M with the one generated by the backward balls, one also have 
lim„ dq(y ni x) = 0, i.e. x is identifiable to [{y„}] = y. 

(ii) Straightforward. 

(iii) Let {z n } n C Mq, z n = [{z n }i\ be a Cauchy sequence. There is no loss of 
generality if we suppose that dQ(z n , 2^+1) < ^2 for all n. In fact, otherwise some 



subsequence {z nk }k ~ {z n } n would satisfy this property, and Proposition 3.9 2 



would be applicable (recall Remark 3.10). Consider the sequence {x n } defined as 



follows. For each n, Lemma |3.6| implies that, up to subsequences, there exist i n ,j n 
such that, for i > i n ,j > j n , d(z n , z n+1 ) < l/n 2 . Then, choose x\ — z 1 ^ and 

x n = Zn n ' > where k(n) = Max {i n , j n -x}- 

One has to prove that {x n } is a Cauchy sequence, and the point x = [{x n }} £ Mq 
satisfies lim n dg(z„, x) — 0. For the first property, just notice that d{x n ,x n +x) = 

d{zn {n \ < ^2, and, so, d(x n , x n+ho ) < J2hLo( n + h ) 2 - Tne second one 

follows from the following estimation: 

d Q (z n ,x) = limj(lim m d(z n ,x m )) 

< lim. i (lim m (d(z r \, x n+1 ) + Y^n+i d ( x ji x 3+i))) 

= lim l (d(z;,z^ 1 +1) )) + lim m (X;^ 1 + irf(a; J ,a; J+ i)) . 

< JL+lrm y-™- 1 JL 

- ET 1 



Finally, for the last assertion recall Prop. 3.25 ■ 

For Riemannian manifolds the Cauchy boundary is a closed subset of the Cauchy 
completion. Of course, this property cannot be expected for an arbitrary metric 
space (X, d) (as its Cauchy completion is also the Cauchy completion of any dense, 
non necessarily open, subset A C X). But such a property can be extended to the 
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Finsler case (as well as more general spaces as those under Conventions 4.1 5.1 



below, as local compactness will be the essential property needed for the proof). 

Proposition 3.30 For any Finsler manifold (M, F), the boundary 9qM is a closed 
subset of Mq . 

Proof. Notice that, for any x G M, any closed ball centered at x with small radius 
r > is a compact subset of M and, so, cannot contain a non-converging Cauchy 
sequence (nor a point of 9qM). m 

3.4 Relating Mq and M^j through the extended quasi-distance 

Our aim here is to show that the extended quasi-distance c?q can be extended further 
to a domain larger than Mq. 

Convention 3.31 From now on, and whenever there is no possibility of confusion, 
we will drop the notational distinction between d,dQ (resp. gF cv ,g?q v ) and the 
further extensions of the generalized distance to be defined in the next proposition. 
So, d and d rov will be applied in each case to the biggest possible domain. 

Proposition 3.32 Let (M,d) be a generalized metric space. Then: 

(i) The maps d : AI+ x (A/+ U M c ) -> [0,oo] and d ICV : Mq x (M+ U M c ) -> 



[0, oo], given formally by the double limit (3.5), are well-defined, 
(ii) d{x,y) = d rcv (y,x) for all x G M% , y G Mq. 

Proof. Let x = [{*„}] = [{<}] G M+ , y = [{y n }] = [{y'J] G M c . 

(i) From Remark|3.7| the double limits lim n (lim m d(x n , y m )) and lim„(lim m d(x' n , % 



exist in [0, oo). Then, the same proof in Prop. 3.25 shows that they coincide, 
(ii) Clearly, 

d rcv (y,x) = lim„(lim m d rcv (y„,a; m )) = lim„(lim m d(x m , y n )) 
< lim n (lim m (lim fe (d(a; m , y k ) + d(y k ,y n )))) 
= lim m (limfc d(x rn , y k ) ) + lim„ (lim fe d rov {y ni y k )) 
= d(x,y)+d™(y,y) = d(x,y), 

and the reversed inequality holds by interchanging the roles of x and y. ■ 

Remark 3.33 In the previous proposition, the value oo is allowed for d. Only when 



x € M and x + G Mq, we can ensure d(x, x + ) < oo (Lemma 3.6), and analogously 



for d rov . 

In the case of length spaces, one can connect any x G M with x + = [{£„}] G 
8qM by means of a curve of finite length: in fact, for certain subsequence one 
can join x with x ni by a curve of finite length, and each x ni with x ni+1 by a curve 
of length smaller than i~ 2 . If the reversed curve of 7 had also finite length, then 
one would also have d{x + ,x) < 00 and x + G d c M. However, even if we know that 
d(x + ,x) < 00, we cannot ensure that x + belongs to d c M. The reason is that x + 
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d%M = {z+} 
dcM = {z~} 
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Figure 2: Non-evenly pairing (forward and backward) boundaries, see Remark 
333) Definition [3734] 

Starting at a strip of the plane, the two vertical lines at x = ±6 are identified (the 
dashed region will be irrelevant). Then, a Randers metric F = \J dx 2 + dy 2 + u> 2 +lo 
is chosen such that c\ (resp. o£) determines the unique forward (resp. backward) 
boundary point z + G d^M (resp. z~ G 8qM): namely, the support of uj is included 
in the grey region and uj(d y ) decreases (resp. increases) strictly to —1 (resp. 1) on 
Ci (resp. ci) so that the F-length of c\ and — ci (the reversed parametrization of c?) 
becomes finite but the F-length of —c\ and C2 is infinite. The distance d(z + ,z~) 
is finite — essentially, one could use horizontal lines to connect the points in the 
Cauchy sequence {x n } which defines z + with the points in the Cauchy sequence 
{x' n } which defines z~ . Moreover, d(z + ,x), d(x,z~) are finite too for any x G M 
— say, for large n, go from x n to C2 by using a horizontal line, go down by using 
C2 until the height of x, and use again an horizontal segment to reach x. However, 
z+,z~ do not belong to d s c M (in fact, d s c M = 0). 



may be non-connectable to any x G M by means of a curve of finite length, but all 
the elements of {x n } may be connectable with x by means of a sequence of curves 
of bounded length. Figure 2 shows an example of this situation. 

In spite of examples as the illustrated one in Figure[2j the length spaces satisfying 
that any two points x + , x such that d(x + ,x) < oo admit a curve of finite length 
from x + to x (and thus, x + £ OqM), constitute a natural subclass: say, as any 
point x + of the boundary and any point x in M can be connected by means of 
some curve in M (as explained in the previous remark), if d(x + , x) < oo, one may 
expect that such a curve can be chosen of finite length. The following definition 
includes, in particular, this class. 

Definition 3.34 A generalized metric space (M, d) is said to have forward (resp. 
backward) evenly pairing boundary if the following condition holds: 

d(x + , x) = oo Vx + G d^M \ 8qM for some, and then any, x G Mq 
{resp. d(x,x~) — oo Vic~ G d^M\ 3qM for some, and then any, x G Mq). 
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We have emphasized in this definition that, when the first (resp. second) condition 
is satisfied for some x € M, then it holds for any x £ Mq (resp. x € Mp). So, in 
the practice, it suffices to check them for some point of M. For example, if Figure [2] 
were modified so that the support of u> became included in only one of the two grey 
regions, the boundaries would be clearly evenly pairing. Trivially, from Proposition 

Corollary 3.35 If d,Q is a generalized distance, then (M,d) has forward and back- 
ward evenly pairing boundaries. 



4 Riemannian Gromov and Busemann completions 

Eberlein and O'Neill [H] developed a well-known compactification for any Hadamard 
manifold (or, in general, any CAT(O)-space), based in classes of equivalence of rays. 
Gromov [17] introduced a universal compactification for any complete Riemannian 
manifold, valid also for some more general complete metric spaces |17[ p. 184f]. The 
latter compactification becomes equivalent to the former in Hadamard manifolds; in 
order to prove this, Busemann functions play an essential role (see, for example, the 
books [H[S]). In this paper, we are interested in analogous boundaries for arbitrary 
Riemannian and Finslerian manifolds. 

We start by reviewing briefly Gromov's construction for any Riemannian man- 
ifold, including the non-complete case, with a threefold aim. First, to make clear 
in which sense the Cauchy boundary can be regarded as a part of Gromov's one. 
Second, to show the appearance of the Busemann boundary as an intermediate 
boundary between the Cauchy and Gromov's ones. And third, to introduce the 
precise framework to be used in the Finslerian case and the remainder of the paper. 

Our objective is to study a metric space (M, d R ), being M a (connected) smooth 
manifold and d R the distance associated to a Riemannian metric gn on M. However, 
the results will be stated in a more general setting, concretely: 

Convention 4.1 Along the present SectionjZJ (M, d R ) will denote any metric space 
which satisfies: M is locally compact with a countable dense set (or equivalcntly, 
which is second countable), and d R is derived from a length space. Recall that 
the metric space associated to any reversible Finsler manifold is included. Typ- 
ical notations in manifolds are extended to this general setting with no further 
mention. In particular, if c is a smooth curve, the role of Riemannian norm 
|c(i)| = yjgn{c{t), c(t)) in a general length space will be played by the dilatation. 
In general, we will adopt the terminology in |161 Chapter 1]. 

Remark 4.2 As above, dcM denotes the Cauchy boundary, and Mc the Cauchy 
completion, the latter endowed with the continuous extension of d R (denoted again 
by d R ). No tice that (Mc,d R ) is clearly a length space, but it may not lie under 



Convention 4.1 as Mc may not be locally compact, even if (M,d R ) comes from a 



Riemannian manifold. 
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4.1 Gromov completion 

For each x £ Mc, let d R be the Lipschitz function on M given by y h- >■ d R (y,x). 
Consider the space £i(M, eP) of all the Lipschitz functions (always assumed with 
Lipschitz constant equal to 1) on M, endowed with the topology of pointwise con- 
vergence. Notice that this space is equivalent to the space of Lipschitz functions on 
Mc; in particular, functions / £ C\{M, d R ) will be extended to Mc with no further 
mention. 

Remark 4.3 The topology of pointwise convergence on C\{M,d R ) coincides with 
the topology of uniform convergences on compact sets and the compact-open topol- 
ogy; moreover, it is metrizable. In fact, consider the space C(M) of all the continuous 
functions from M to R. In this space the topology of uniform convergence on com- 
pact sets coincides with the compact-open topology (see [2H p. 230]) and, when 
restricted to £i(M, d R ), with the pointwise convergence topology (see [M] p. 232]). 
It is not hard to prove that C(M) is Hausdorff, regular and second countable (as so 
are M and K). So, by Urysohn theorem, C(M), and then Ci(M, d R ), are metrizable. 
Even more, the following metric d 1 on C\(M, d R ) generates the topology. Choose 
x £ M and an auxiliary complete metric d R such that d R > d R , and define the 
metric 

d\fuh) := ^^M { ! l{X l~ h{X }l V h,h G C x (M,d R ), (4.1) 
1 + d H {x,x ) z 

Let /„,/ £ Ci(M, d R ), n £ N. Clearly, if {d 1 (f n ,f)} converges to 0, then the 
sequence {f n } converges pointwise to /. For the converse, the Lipschitz condition 



yields the following bound for the expression corresponding to the fraction in (4.1 ): 



l/(so)l + \fnM + 2 d R (x,x ) <2 1 + \f(x )\ + d R (x,x ) 
l + d R (x,x ) 2 ~ l + d R (x,x y 

(the last inequality for large n). So, the uniform convergence of {f n } on d fl -bounded 
sets completes the result. 

Lemma 4.4 Let {/„} be a sequence in Ci(M,d R ). Assume that there exists xq £ 
Mc such that {fn(%a)} converges to some fco £ [—00,00]. If fco G K then {f n } 
admits a subsequence converging in Ci(AI,d R ). If k = ±00 then {f n } converges 
uniformly on compact sets to ±00. 

Proof. Only the case k £ K will be considered, as k = ±00 is similar. 

Let {a; n }^Lo C M be a countable dense subset of M. Remove a finite subset 
of {f n }, to obtain a subsequence {/°} with \fn{ x o) — k \ < 1 for all n. From the 
Lipschitz condition, one has 

-d R (xo,x m ) - 1 < f°(x m ) - k Q < d R (x Q ,x m ) + 1 Vn, m. 

Now, we can construct inductively a subsequence of {/™ _1 }n such that 

{f™{xi)} n is convergent for i = 1, . . . , m. Then, the diagonal subsequence is 
convergent in d(M, d R ), as it converges on each x m . m 



32 



Proposition 4.5 The ma^ 

j : M c -> Ci(M, d R ), x^ -d R 

is a topological embedding of Mc in £i(Al,d R ). 

If K C Mc is any bounded subset then the closure of j(K) in £i(M,d R ) is 
compact. 



Proof. The first assertion is standard (simplify Lemma 5.5 below). For the last 



one, we only have to show that the clo sure of j( K) is sequentially compact, since 



Ci(M, d R ) is metrizable by Remark 4.3 By Lemma 4.4 it suffices to check that any 
sequence {/„} in the closure of j(K) admits some x G Mc such that {|/n(a;)|} is 
bounded. Notice that /„ = \iu\ij(y l n ) for some sequence {y^}£ c Hence, for 
any x € M C - 

\Ux) - Q{y° n )){x)\ = |ii mi (i(^))(^) - Q(y°nMx)\ 

< lun t \d R (x,yl l )-d R (x,y Q n )\<lun l d R (y n ,yl l ). 

But the last term is bounded by the diameter of K, as required. ■ 

d(M,d R % = Cx(M,d R )/R will be the topological quotient of C x (M,d R ) by 
the 1-dimensional subspace of the (real) constant functions. The natural quotient 
topology will be called Gromov or (quotient) pointwise topology: 

Proposition 4.6 The composition map 

j : M c -> £i(M,d%, x^[-d R ] 

is continuous and injective. 

Moreover, the restriction j\m '■ M £i(M,d R )* is a topological embedding. 

Proof. The continuity of j follows from the continuity of j, and the injectivity from 
the following property: if x ^ y then d R — d R changes its sign at x, y, and so, cannot 
be constant. So, one only has to prove the continuity of j^ 1 on j(M). 

To this aim, let x n ,x £ M such that {j{x n )} —> j(x). Then, there exists a 
sequence {t n } C K such that {t n — d R } n — > —d R with the pointwise topology. 
Assume by contradiction that {x n } 7^ x. Up to a subsequence, there exists e > 
small enough such that x n £ B(x, 2e) for all n. We can also assume that the spheres 
S(x,r) :— {y G M : d R (y,x)= r} arc compact for r = e, 2e. Notice that, for any 
y G S(x, 2e) and z G S(x 



y,x) 



lim„(d fl (z,x„) - d R (y,x n )) = lim„(t„ - d R (y,x n )) - lim„(t n - d R (z,x n )) 

= -d R (y,x) +d R (z,x) = -e < 0. 

(4.2) 



3 For convenience, we change the sign of the natural definition here. Later, this will affect only 
to the sign of Buscmann functions, which will be the opposite of the one in the usual convention. 

4 The first equality is justified by the existence of a finite limit stated in the second one. We 
will use such a posteriori justifications with no further mention. 
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On the other hand, for each n we can choose y n £ S(x, 2e) and z n £ S(x, e) such 
that 

d R (z n ,x n )-d R (y n ,x n ) > 0. (4.3) 

In fact, consider a sequence of curves 7^ from x to x n with {length(7^)} :) — > 
d R (x,x„). Each 7^ will intersect 5(x, 2e), S(x,e) in some points y 3 n ,z 3 n , resp., 
and, with no loss of generality, one can assume the convergence {y^}j — > y n and 
— > z n . Then, by the continuity of d R (-,x), such points {y n } and {z n } satisfy 
d R (z n , x n ) = d R (z n , y n ) + d R (y n , x n ) > d R (y n , x n ). Finally, the compactness of the 
spheres allows to assume that {y n }, {z n } converge, obtaining a contradiction with 



4.3 , (4.21 



Remark 4.7 Notice that when Mc is locally compact, it also lies under Convention 



4.1 (Remark 4.2), and so, the proof of Proposition 4.6 also ensures that j is an 
embedding on all Mc- 

The following technical result will be useful for future referencing. 

Lemma 4.8 Consider j : M c — > C\{M,d R )* and x n ,x £ M C - If {[— d R n ]} n — > 
[-d R ] then 

lim (d R (-, x) + d R (x, x n ) - d R {-, x n )) = 0. 

n 

Proof. The limit {[— d R ]}„ — > [—d R ] provides the existence of {t n } such that {t n — 
d R (-,x n )} n converges pointwise to — d R (-,x). Then, if we evaluate this expression 
at x, we deduce t n — d R (x,x n ) — > 0. Therefore, 

lim n (d R (-,x) + )-d R (-,x n )) 

= d R (-,x) - Um„(i„ - d R (x, x n )) + lim„(t„ - d R (-,x n )) 

= d R {;x)-d R (-,x)=0. 



Example 4.9 Here we are going to use bounded (i.e. without "directions at in- 
finity") examples to illustrate the following four properties: (a) j may be not an 
embedding on all Mc and j(Mc) may be non-closed in Ci(M, d R ); (b) even if j is a 
topological embedding, j(Mc) may be non-closed in £i(M,d R )*; (c) even if j(Mc) 
is closed, the map j : Mc — > Ci(M, d R )* may not be a topological embedding; and 
(d) even if j is a topological embedding, Mc may not be locally compact. These 
items will be illuminating to understand the way in which the Cauchy boundary 
lies in the Gromov one, and they also show the optimal character of Propositions 
431 and Ol 

Consider the metric space (M, d R ) with 

M :=^ =l {{n-\y): y £ [0, 1)} U {(x, 0) : x € (0,1]} (4-4) 
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X'Z 



(0,0) 

Figure 3: Mq and j(Mc) coincide as point sets but not topologically. 

Both, Gromov and Cauchy completions include naturally (0, 0) as a boundary 
point, and coincide as point sets. However, {x n } converges to (0, 0) only for Gromov 
topology. Moreover, Mc is not locally compact, and j : Mc — > Mq is continuous 
but not a topological embedding. 



and d R (x, y) obtained as the infimum of the usual lengths of piecewise smooth curves 
in M connecting x and y (see Fig. [3|^] The sequences type {(n~ 1 ,y Q )} n with < 
yo < 1 do not contain any convergent subsequence in Mc; in fact, dcM is naturally 
identifiable to (0,0) plus the non-Cauchy sequence {(n -1 , 1)}^^. However, for 
any < yo < 1, each sequence {— rf/^-i yo )}n converges to a function in Ci(M,d R ), 
which will be denoted — d R ^ — notice that it corresponds with the natural (minus) 
distance to (0,yo) in the closure of M as a subset of K 2 . In particular, this shows 
(a). 

For (c), note that the sequence of functions {yo — ^fa-i j, )}«' Vo € [0,1], con- 
verges pointwise to — d R Q Q y So, the sequence of classes {[— d R n _ x J} converges to 
[~df m ] in d(M,d% (intuitively, [-df ofi) ] = [-df yo) ]), and j(M c ) is closed. 

For (b) and (d), modify slightly previous example by enlarging it and redefining 
M as: 

M := M' U {(x, 1) : x € (0, 1]} (4.5) 

where M' is now given by the expression in (4.4 1 (see Fig. [4] (A)). Observe that j is a 
topological embedding. In fact, from Prop. 4.6 we only have to check the continuity 



°f J 1 \j(M c )- Obse rve t hat if {[— d R J} n converges to [— d R ] in C\{M,d R )^ for 



x n ,x G Mc, Lemma 4.8 ensures that lim n (d R (-,x) + d R (x,x n ) — d R (-,x n )) = 0. 



If lim„ d R (x, x n ) 0, one can obtain the following contradiction: there exist y £ 



5 Notice that {M,d R ) fulfills the essential properties in Convention 4.1 Even though, for sim- 
plicity, this space is not a manifold, the example can be easily transformed into a Riemannian 
2-manifold by enlarging each vertical line in a strip (thin ner as n grows) and including also the 
forth quadrant, x > 0, y < 0. Analogously, M' in below can be also transformed into a 

manifold. 
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M, e > and a subsequence {x Uk } such that d R (y,x)+d R (x,x nk ) > d R (y, x nk ) + e. 
In fact, considering {x n } as a sequence in K 2 , it will converge, up to a subsequence, 
to some xo € M 2 (with xq ^ x) such that xq £ Mc- Depending on the relative 
position of x and x, the claimed y is chosen such that the strict triangle inequality 
d R (y, x) + d R (x, x a ) > d R (y, x a ) holds. 

Observe that, for x n — (n _1 , 1/2), the sequence {[— d R ]} converges in Cx(M, d R )* 
to the class of the function max{— d R Q y —d R 1 j} (see Fig. |I| (B)), which does not 
correspond with any element of Mc- This proves (b) and, for (d), recall that Mc is 
not locally compact, as any neighborhood of (0, 0) contains a sequence of the form 
{(n _1 , e)} for e > small enough, and this sequence does not converge in Mc- 

Definition 4.10 Let (M, d R ) be the metric space associated to a Riemannian man- 
ifold (or any space under Convention \4-l\ . 

The Gromov completion Mc of (M,d R ) is the closure of j{M) in C\{M,d R )*, 
and the Gromov boundary dcM is dcM :~ j(M) \ j(M). 



The map obtained by restricting the co-domain of the map j defined in Prop. 4.6 
is also denoted 

j ■■ M c -> Mc, 

and shows that the Cauchy boundary can be regarded as a point set included in 
the Gromov one. 

Remark 4.11 Typically in Gromov's approach, one considers, instead of C\{M, d R ), 
the space C(M) of all the continuous functions on M endowed with the topology 
of uniform convergence on compact sets. However, in order to compute the closure 
of j(M), this difference in the ambient space becomes irrelevant. In fact, if [h] 
belongs to the closure of j(M) in C(M)* then any h € [h] belongs to £i(M,d R ). 
Moreover, on this space, the topology of uniform convergence on compact sets and 



the topology of pointwise convergence coincide (see Remark 4.3) 



Theorem 4.12 The Gromov completion Mc of any metric space (M,d R ) associ- 



ated to a Riemannian metric (or space under Convention 4-1) is a compact metriz- 
able space. 

The image of the manifold j(M) C Mq is an open dense subset of Mc and, 
thus, the boundary dcM is also compact. 

Proof. Take some xq € M. The map i : C±(M, d R )* — > Ci(M, d R ) which maps each 
class [/] to its representative / q su ch that fo(xo) = 0, is a topological embedding. 
On the other hand, by Lemma [4. 4| i(Ci(M,d R )*) is sequentially compact. Hence, 
the metrizable space £i(M, d )* is also sequentially compact, and thus compact 
(see, for example, [551 Theor. 28.2]). So, the first assertion follows from the fact 
that Mc is closed in C\{M, d R )*. Finally, the density of j(M) follows trivially from 
the construction of Mc, and its openness from the local compactness of M as in 
Proposition 3.30 (see also Corollary 5.25| below). ■ 



As j\m is an embedding, the continuous map j can be dropped for M, and we 
will write simply M C Mc- However, j will be maintained for Mc and dcM, as 
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(0,1) 



(0,0) 



(A) 




(B) 



4.9 



Figure 4: Bounded example with j(Mc) non-closed in Ci{M,d R )* (Example 
(b)) and non-Hausdorff chr. topology (Remark 5.30). 

(A) dcM includes only (0, 0) and (0, 1), but daM also includes in a natural way 
the other points S — {(0, y) : < y < 1} of the segment between that points. Then, 
j : M c — > M G is an embedding but j{M c ) is not closed and j(dcM) C (9 CG M. 
Moreover, the point in dcM defined by the sequence {x n } n (or any other point in 
S C dcM) cannot be reached as the limit of any curve in M. 

(B) Visualization of the chr. convergence of {[— d(-, x n )]} n to [— d(-, (0, 0))] 
and [— d(-, (0, 1))] in Figure (A). The bold vertical axis represents the verti- 
cal segment through x 2 m (A). The dashed lines correspond to the graph 
of the functions — d(-,x n ) + 1/2 on that vertical segment. The limit is 
max{-d(-,(0,0)),-d(-,(0,l))}. 
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j(M G ),j(d G M) will be endowed with the restriction of the Gromov topology of M G , 
which, in general, does not agree with the Cauchy completion topology (Example 
|4.9[ property (c)). In the Gromov boundary d G M, one can distinguish two disjoint 
parts: the Cauchy- Gromov boundary 8 G gM, which consists of all the points which 
can be obtained as the limit of some sequence of M included in some bounded 
subset, and the proper Gromov boundary dgM — d G M \ d GG M, which corresponds 
with the "boundary at infinity" . The Cauchy boundary d G M is naturally included 



in d GG M and, as Example 4.9 (property (b)) shows, the inclusion can be strict, i.e. 



a residual Gromov boundary Or G M = d GG M \j(d G M) may appear. Summing up: 

M G = MUd G M d G M = d C aMUd g M d CG M = j(d c M) U d RG M. 

The topological subspace M GG :— M U d GG M of M G will be called the Cauchy- 
Gromov completion and its properties are summarized as follows. 

Corollary 4.13 The Cauchy-Gromov completion M GG satisfies: 

(1) (Openness of M). The boundary d GG M is closed in M GG . 

(2) (Heine-Borel). The closure in M GG of any bounded set in M is compact. 

(3) (Consistency with the Cauchy boundary). If M G is locally compact, then j : 
M G — > M G is an embedding and M G = M GG , i.e. 8r G M = 0. 

Proof. The first assertion is straightforward from Theorem |4.12| For the second 
assertion recall that, from the compactness of Mq, the closure of any set in M G is 
compact and, from the definition of M GG , the closure of any bounded set belongs to 



M GG . The first statement in (3) follows from Remark 4.7 and, for the last statement, 
it suffices to show that, if M G is locally compact, then the closed balls in Mq, 
B(x, r; Mq), x € Mq, r > 0, are compact. In fact, in this case any sequence defining 
a point of the Cauchy-Gromov boundary will have a convergent subsequence in 
Mqi and the result follows from the continuity of j and the Hausdorffness of M G . 
So, in order to prove that B(x,r; M G ) is compact, consider a sequence {x n } C 
B(x,r; M G ). Define a sequence of curves {j n }, 7„ : [0,1] — > M joining x and 
x n , such that: each 7„ restricted to (0, 1) is smooth and contained in M, it is 



parametrized with constant speed and lengthen) < 2r (see Remark 3.12). Clearly, 
the sequence of curves {7 rl } n is equicontinuoufr] Taking into account that x is an 
accumulation point of the sequence {7n(0)}, and M G is both, locally compact and 



complete, classical Arzela's Theorem (see for example, Theorems 5.12 5.15 below) 
implies the existence of a curve 700 which is the pointwise limit of a subsequence of 
{7„}. So, the required limit is 700(1). ■ 

6 For posterior referencing, note that, if ti < ti then d R (-y n (ti), 7 n (t2)) < length(7„)|[ tl t2 j = 
(t'2 — tl)length(7n) < (<2 — ti)2r. This inequality, plus the symmetry of d R , implies the equicon- 
tinuity. 



:-S,x 



4.2 Busemann completion as a point set 

Next, we are going to focus our attention on certain subset of Mq, which provides 
another compactification of (M, d R ) when is endowed with a different topology. 

Let C(M) be the space of all the piecewise smooth curves c : [a, ft) — » M, 
— oo < a < ft < oo, with |c| 2 ~ <?fl(c, c) < 1 and consider the associated function: 

bJx) = lim (s - d R (x, c(s))) eRU {+00}, x £ M. (4.6) 

s/!l 

The following result shows that 6 C is well-defined: 

Lemma 4.14 If c £ C(M) then the map s 1— > s — d R (x, c(s)) is increasing for any 
x e M. 

Proof. Just notice: 

d fl (x,c(s 2 )) - d R (x,c(si)) < d fl '(c(si),c(s 2 )) < length(c |[ Sl , S2 ]) < s 2 - si. 



Proposition 4.15 Le£ 6 C &e associated to some c € C(M). 

fij // 6 C reaches the value +00 at some 2; € M then b c = 00; otherwise, b c € 
£i(M,d R ) and its corresponding class [b c ] belongs to Mq. 

(2) If ft < 00 then: (i) there exists x £ Mc such that lim S/ *n c(s) — x in the 
metric topology ofM c ; (ii) b c {-) = fi-df(-); (Hi) j(x) = [b c ] £ j(M c )(C M G ) 
and lim s /-o j( c ( s )) = [&c]- 

Conversely, for any x £ Mc, there exists some c £ C'(M) with f2 < 00 smc/i 
£/ia£ = [6 C ]. /n particular, for x £ M, one has j{x) = [o c J, where 
c x : [—1, 0) -> A/, mi. 

f^J If ft — 00 and b c ^ oo, </ien [& c ] € dgM . 

Proof. It is a consequence of previous definitions (see also [20, Sect. 2]): 

(1) Both assertions follow from d R (x,c(s)) — d R (y,c(s)) < d R (x,y) for all s. 

(2) As th e length of c is finite, some endpoint x £ Mq is determined (recall 
Remark 3.12). This proves (i), and the pointwise convergence of co s ) to d§ proves 
(ii). The remainder follows from the definitions above. 

(3) As b c < 00 and ft — 00, the curve c must leave any bounded subset of M, 
and so, its class cannot belong to Mqg- ■ 

Definition 4.16 A Busemann function b : M — ¥ (—00, 00] is a function which can 



be written as b = b c for some c £ C(M) as in (4.6). The set of all the finite-valued 
Busemann functions will be denoted B(M)(c C\{M,d R )). 

A properly Busemann function b is a finite-valued one which is written as b = b c 
for some c £ C(M) with ft = 00. The set of all the properly Busemann functions 
will be denoted B(M)(c B(M)). 
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As a point set, the Busemann completion Mb of (M, d R ) is defined as the subset 
Mb = B(M)/M. of the Gromov completion Ma- The Busemann boundary is then 
8bM = Ms\j(M) and the properly Busemann boundary dgM = B(M)/E. (= 
M B \j(M c ) C 3gM). 

Remark 4.17 About the notion of Busemann function, the following comments 
are in order: 

(1) There is no restriction if, in the definition of B(M), one considers curves 
in C(M) with unit velocity. In fact, if c is the arc-reparametrization of a curve 
c e C(M) with b c £ B(M), then b c = ko + be, where fco = \im t (t— length |[ Q t ]c) 
(which is finite as k < lim t (£ — d R (c(a), c(t))) = b c (c(a)) < oo). So, c(t) = c(t — k ) 
satisfies be = b c , as required. Therefore, we choose |c| 2 < 1 only for convenience. 

(2) Moreover, according to previous paragraph, one can also consider that the 
curves in C(M) have velocity lower or equal than one. 

(3) In any metric space (X, d), one can say that b : X — > (— oo, oo] is a Busemann 
function when there exists a sequence a = {x n } n C X such that b = b a , being 
b a {x) = lim„ (X}fe=i d(xk_i,Xk) — d(x n ,x)) 1 x € X. This avoids the use of length 
spaces. However, we will need other properties of length spaces, and this general 
definition will not be considered in this paper. 



Summing up, Definition |4.16| and Proposition 4.15| yield the disjoint unions 



M B = j(M c ) U d B M, d B M = j(d c M) U d B M 
and the relations 

d B M c d g M, d B M n d RG M = 

complemented with dsM c daM, j(dcM) C dccM, where all the inclusions may 
be strict (see Figure [5]). 

Remark 4.18 In some sense, d B M represents the set of possible "directions to- 
wards infinity". In a Hadamard manifold, dcM = and d&M = OqM (see Corol- 



lary 5.40 below); moreover, in this case one can construct <9gM by using only rays, 
instead of all C(M) (in fact, the classical construction by Gromov shows that Mq, 
and thus Mg, can be obtained by using only rays). However, it is not difficult to 
find even a complete, 1-connected Riemannian manifold where dgM $1 dcM. This 
is suggested by the example in Figure [5] (B); a different example is the universal 
covering of the "grapefruit on a stick", studied in detail in [HI Sect. 2.1]. 

If 8bM ^ dcM then Mb is not compact with the pointwise convergence topol- 
ogy, and the name "Busemann completion or compactification" may seem mislead- 
ing. However, the natural topology for this completion, the chronological topology 
(which is suggested by the causal boundary), makes Mb and ds M sequentially 
compact (but at the price of being non-Hausdorff). Such a topology is studied 
below, in the more general (non-necessarily symmetric) Finslerian case, Subsection 
1531 
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Figure 5: (A) A simple modification of Figure [4] which satisfies d&M C dgM. The 
Busemann functions for the horizontal curves c\ , C2 yield two boundary points Z\ , z-i 
in 8bM. The sequence {x n } converges to both, z\ and Z2, in the chr. topology, and 
to a different point z of dgM in the pointwise topology. 

(B) Filling the holes in (A) by using diverging (or just big enough) "bubbles" , 
a complete simply-connected space which behaves qualitatively as the previous one 
(<9gM C dgM) is constructed. Positive sectional curvature is required in some 



regions (see Remark 4.181 
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5 Finslerian completions 



Our aim in this section is to study previous compactifications for a (connected) 
smooth manifold M endowed with the generalized distance d associated to a Finsler 
metric F on M. As in the Riemannian case, this can be done in somewhat more 
general spaces. 

Convention 5.1 Along the present section, (M, d) will denote any generalized met- 
ric space satisfying: M is locally compact and contains a countable dense set, and 
d is derived from a length space (except if specified otherwise). Recall that most 
of the notions of the previously studied symmetric case can be translated to the 
present non-symmetric case in a straightforward way; in particular, for a smooth 
curve, the Finslerian norm F(c) must be interpreted as the dilatation (see for ex- 



ample [Si Appendix], and also Convention 4.1 ). The extended quasi-distance on the 
Cauchy completions Mp is denoted by dQ. 

In order to translate previous constructions to a generalized metric space (M, d), 
first we need to generalize the notion of Lipschitz function. 

Definition 5.2 A function f : M M. on a generalized metric space (M, d) is: 

• 1-Lipschitz or, simply, Lipschitz, if f(y) — f(x) < d(x,y) for all x, y € M. 

• Max-Lipschitz if \f(x) — f(y)\ < max{d(x 1 y),d(y,x)} for all x,y G M . 

The sets of all the Lipschitz and Max-Lipschitz functions on (M, d) will be denoted 
d(M,d) and Cf^{M,d), resp. 

Remark 5.3 (1) In principle, the space £^ ax (M, d) uses d in a symmetric way and 
seems closer to the one used in the Riemannian case. However, this space (as well as 
the notion of Lipschitz function for the symmetrized distance d s , which is defined 
in the obvious way) has the drawback that the involved distance does not come 
from a length space (see [5], especially its Appendix, for a discussion and examples 
in the class of Randers metrics) . This and other reasons of compatibility with the 
causal boundary justify that, in what follows, the space £i(M, d) will be preferred. 
However, the space £^ ax (M, d) w ill b e useful for technical purposes. 



(2) The reasonings in Remark 4.3 are applicable to £^ X (M, d). So, this space 



is metrizable and the pointwise, compact-open and uniform topologies coincide on 



it. Moreover, Lemma 4.4 remains true if we replace Cx(M, d R ) by £^ ax (M, d) and, 
then, a first Gromov-type compactification as in Theorem |4 . 1 2| would be defined by 
using the space £f ax (M,d)* = Cf ax (M, d)/R. 

Now, for d(M,d): 

Proposition 5.4 (1) d(M,d) is a closed subset o/£f ax (M,d). 

(2) Let {f n } in Ci{M,d) with {f n (%o)} converging to ko g [—00,00] for some 
xq G M. //io€M then it admits a pointwise convergent subsequence; otherwise, it 
converges uniformly on compact sets to ±00. 

(3) The uniform, compact-open and pointwise topologies are equivalent onC\(M, d). 
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Proof. For (1), let / be the pointwise limit of a sequence {/„} C C\{M,d). Note 
that, if f(y) > f(x), then f n (y) > f n (x) for n big enough, thus f(y) - f(x) = 
lim n (/„(y) - f n (x)) < d(x,y). 



The proof of (2) follows from the facts that Lemma 4.4 is true for £^ ax (M, d), 
and £i(M,d) is a closed subset of £?j' Iax (M, d). Item (3) is proved analogously. ■ 

5.1 Gromov completions for the non-symmetric case 

Endow Ci(M, d) with the pointwise convergence topology and M c with its natural 



quasi-distance dQ and topologies (Convention 3.27). Clearly, the maps 



3+ : M+ -> d{M, d), x i-> -d+, where d+ = d Q (-,x) , g _ 

j - : M c -4- £i(M, d), x H> where d~ = d Q (x, •) 

define two injective functions. Up to a sign, the second one can be regarded as the 
first one for dg v . In what follows, we will consider only the map j + (being the 

case for j~ completely analogous). The map j + is not automatically continuous, as 
happened in the Riemannian case (Prop. |4.5[). However: 



Lemma 5.5 The map j + : Mq — > Ci(M,d) is continuous if and only if dQ satisfies 
the following property: 

(a4') For any sequence {x n } C and x € Mq such that \im n dg(x n , x) = 0, 

necessarily lim„ c?q(x, x n ) — 0, i.e. the topology generated by the backward 
balls is finer than the one generated by the forward balls. 

Moreover, if dQ is a generalized distance, then j + is an embedding. 

Proof. For the implication to the right, suppose that j + is continuous and consider 
a sequence {x n } C and a point x in Mq such that lim„ dQ (x n , x) = 0. By 
the continuity of j + , necessarily {j + {x n )} —> j + (x), i.e. lim n dg(-, x n ) = dg(-,x). 
Then, the result follows by evaluating the last expression in x. 

For the implication to the left, suppose that condition (a4') is satisfied and take 
{x n } C Mq, x £ Mq with {x n } — > x, i.e. lim„ dQ(x n , x) = 0. Then: 

dc}{',x) < Um„ (d Q (-,x n ) + d Q (x n ,x)) 

< lim„ (d Q (-,x) +d Q (x,x n ) +d Q (x n ,x)) . 

Taking into account that lim„ dQ(x n , x) — \vm n dQ{x,x n ) = 0, the intermediate 
equality holds, i.e. dg(-,x) = hm n d Q (-,x n ), and so, j + {x n ) j + {x). 

For the last assertion, recall that any sequence {dQ(-, x n )} converging pointwise 
to dQ(-,x) satisfies that lim n dQ(x, x n ) — dQ{x,x) = 0. So, from (a4) in Definition 
|3.1| lim„ dQ(x n , x) — 0, i.e., {x n } converges to x. ■ 



Remark 5.6 Observe that c ond ition (a4) in Definition 3.1 is more restrictive than 



(a4') here (see also Remark 3.2). So, if dQ is a generalized distance then j + is 



continuous (and analogously for j ). 
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From Lemma 5.5 and reasoning as in Proposition 4.6 and Remark 4.7 one deduces 



Proposition 5.7 Consider the natural map 

j+ : M+ -> £ X (M, d)„ x ^ [-d+]. 

Then, ] + \m * s ffl topological embedding. Moreover j + is continuous if and only if 
dQ satisfies (a4')- If, in addition, c?q is a generalized distance and M G is locally 
compact then j + is also an embedding. 

Definition 5.8 Let (M, d) be the generalized metric space associated to a Finsler 
manifold (or any space under Convention \5. 1\ . The forward (resp. backward) Gro- 
mov completion M G (resp. M G ) of (M,d) is the closure of j + (M) (resp. j~(M)) 
in £i(M, d)*. 

Then, the forward (resp. backward) Gromov boundary d G M (resp. d G M) of 
M is defined as d+M = M+ \ j+(M) (resp. d G M = M G \ j~ (M) ). 



Theorem 5.9 Mq and d G M are compact metrizable topological spaces. 

The image of the manifold j + (M) C Mq is an open dense subset of Mq and, 
thus, the boundary d G M is also compact. 

Proof. Notice that the map i : Ci(M,d) t — ► £^ ax (M, d), which sends each class [/] 
to its representative /o such that fo(x ) = for some fix xq £ M, is an embedding. 



So, the sequential compactness follows Prop. 5.4 (2) , and the result follows taking 
into account that £^ ax (M, d) is metrizable (Remark 5.3 (2)). 



As in Theorem 4.12[ the second assertion follows from standard arguments 



In analogy with the Riemannian case, the Gromov boundary (and the Gromov 
completion analogously) can be divided in two disjoint parts. One of them is the 
Cauchy-Gromov boundary, 8qqM, which contains all the points which are limit of 
some sequence of M included in some bounded subset, i.e. which are contained in 
some (forward) ball B + (x,r) with x S M and r > 0. The other part is the proper 
Gromov boundary, 9gM = 9qA/\9^ g M . The Cauchy-Gromov boundary contains 
the Cauchy boundary as a point set, so we define the residual Gromov boundary, 
dft G M := 9qqM \ j + (9pM). Consequently, the Cauchy-Gromov completion is 
defined as Mq G = M U &q G M and M G = M GG U d^M. 

In order to understand the structure of M GG , a Finslerian version of Corol- 



lary [47T3 is required. Recall however that, in the proof of that corollary, Arzela's 



Theorem was applied to a sequence of curves. One can prove directly a version 
of Arzela's Theorem for generalized distances. But this would be insufficient for 
our purposes here, as we will also need to include a generalization of the notion of 
equicontinuitjj^] 



7 As an alternative to Arzela's Theorem, the extended version of Hopf-Rinow Theorem for spaces 
under Convention |4. 1 1 (see |16p could have been used. In order to follow such an approach here, a 
Finslerian version of this extended Hopf-Rinow Theorem would be required. Our approach below 
also allows to prove this version, and makes apparent the difficulties associated to non-symmetry. 
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Definition 5.10 Let (M,d) be a generalized metric space associated to a Finsler 
manifold. A sequence of functions {fn}, f n '■ [a, b] — > M, is oriented-equicontinuous 
if, for any e > 0, there exists S > such that, for any ti,t% £ [a, b] with < t% — t\ < 
5, then d(f n (ti), fnfe)) < e for all n. If the requirements < t% — 1\ < 6 is weakened 
into < |<2 — t\ | < 5, then {/„} is equicontinuous. 

Remark 5.11 (1) If the sequence {/„} is oriented-equicontinuous, then each /„ 
is continuous. In fact, fix c £ [a, b] and consider a sequence {t m } c. With 
no loss of generality, consider the cases: (i) t m < c and (ii) t m > c. For (i), 
as /„ belongs to an oriented-equicontinuous sequence, the definition yields di- 
rectly {d(f n (t m ), fn(c))} m ~> 0. For (ii), the oriented-equicontinuity ensures that 
{d(f n ( c )i fn(tm))}m ~~ ^ and then, by using that d is a generalized distance, we 



deduce {d(f n (t m ), f n (c))} m — > from condition (a4) in Definition 3.1 as required. 

(2) Oriented-equicontinuity does not imply equicontinuity. In fact, one can easily 
construct an example of this situation by endowing the space in Figure [3] with a 
Finslerian metric such that the vertical segments have unitary lengths when they 
are parameterized by a curve from down to up, and diverging lengths when they 
are parameterized from up to down. 

The following result is the (local) version of Arzela's Theorem for equicontinuity 
in generalized metric spaces, which will be refined later for oriented-equicontinuity 



(Theorem 5.151 



Theorem 5.12 Let [M, d) be a generalized metric space and {/»}, f n ■ [a, b] — > M , 
a sequence of equicontinuous functions. Assume that x £ M is an accumulation 
point of {f n (cj}, with c £ [a,b], admitting a compact neighborhood K. Then, there 
exist r > 0, a subsequence {f nk } C {/«} and a continuous function f : [c — r, c + 
r] H [a, b] — > M such that {f nk (t)}k — > fit) for each t £ [c — r, c + r] n [a, b] . 

Proof. It is carried out by standard arguments, which we include for the sake of 
completenes^] By the equicontinuity, and the facts that x is an accumulation point 
and d a generalized distance, there exists r > such that /„([c— r, c+r] n [a, b]) C K 
for all n big enough. Let A — {t m }m = o C [c — r,c + r]C\ [a, b] be a countable dense 
subset, and consider the sequence of sequences {f n (tm)}n C K. A standard diagonal 
argument (see the proof of Lemma |4.4[ ) ensures the existence of a subsequence 
{fn k }k such that, for each m, {fn k (tm)}k converges to some point, denoted f(t m ). 

Now, we are in conditions to prove that {fn k (t)} is convergent for each t £ 
[c — r, c + r] n [a, b]. In fact, as the sequence {fn k (t)}k is contained in the com- 
pact K, it suffices to show that it is a Cauchy sequence. Take e > 0, from 
the equicontinuity of {f nk } and the density of A, there exists t m £ A such that 
d{f nk {t m ), f nk (t)),d(f nk (t),f nk (t m )) < e/3forallfc. On the other hand, as {f nh (t m )} 
is a Cauchy sequence, there exists fco such that d(f nkl (t m ), fn k2 (tm)) < e/3 for 
hi > k\ > ko and, so: 

d(fn kl (t)J nk2 (*)) < d(f nki (t), f nki (U) + d(f nkl (t m ), f^ (t m )) 
+d(fn k2 (t m )Jn k2 (t)) <f + f + f=e, 



'Recall that here not all the assumptions in Convention 5.1 are required. 
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as required. Let f(t) be the limit point of the sequence {fn k (t)}k- The continuity 
of the so obtained / follows from the equicontinuity of the sequence {fn k }- ■ 
In order to deal with orientcd-cquicontinuity, let us consider the following result. 

Lemma 5.13 Let (M, d) be a generalized metric space associated to a Finsler man- 
ifold, and {f n }, fn '■ [ a i &] ~^ -W> a sequence of oriented- equicontinuous functions 
satisfying f n ([a, b]) C K, with K compact. Then, the sequence {/«} is equicontinu- 



Proof. Assume by contradiction that {f n } is not equicontinuous. Then, there exist 
e > 0, two sequences {i™},-^™} C [a, b] and a subsequence {fn m }m such that 
< t 2 m - t\ n \ and 

d(fnjt 2 m )j nm (tl)) > e for all m. (5.2) 
Even more, since {/«} is oriented-equicontinuous, we can also assume that 

d(fn m (t 1 m)Jn m (t 2 J)<l/m for all m. (5.3) 
As {fn m {t l m )} m , i = 1,2, is contained in the compact K, up to a subsequ ence , 



we can assume that {/nJi„)}m — > x % for some x 1 € K, i — 1,2. From (5.2) 



d(x 2 ,x 1 ) > e, but from (5.3 1, d(x 1 ,x 2 ) = 0, in contradiction to the fact that d is a 
generalized distance. ■ 

Remark 5.14 As a consequence, if (M,d) is locally compact and {f n }n converges 
pointwise to a continuous function /, then the family {f n }n>n is equicontinuous 
for some no- In fact, the compactness of /([a, b]) implies the existence of a com- 
pact neighborhood K of f([a, b]), and the inclusion f n ([a, b]) C K follows from the 
uniform convergence of {/«} to /. 

The required version of Arzela's Theorem is the following: 

Theorem 5.15 Let (M,d) be a generalized metric space and {/„}, /„ : [a, b] — > 
M , a sequence of oriented-equicontinuous functions. Suppose that {/ n (o)} has an 
accumulation point and (M, d) is locally compact and complete. Then, there exist a 
continuous function f : [a, b] —¥ M and an equicontinuous subsequence {f nk } C {f n } 
such that {fn k (t)} f(t) for each t € [a, b]. 

Proof. By Remark |5.14| it suffices to prove the existence of a continuous function 
/ : [a, 6] — > M and a subsequence {f nk } C {f n } such that {f nk (t)} — > f(t) for each 
t € [a, b]. To this aim, consider the set 

g _ ( , 3 subsequence of {/„} which converges (pointwise) 

1 to a continuous function / : [a, r] — > M 



Reasoning as in Theorem 5.12 there exists r > such that f n ([a,a + ?']) C K 



for all n and for some compact set K. From Lemma 5.13 the family {/ n } is 



equicontinuous in [a, a + r], and from Theorem 5.12 necessarily B ^= 0. Let ro < b 
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be the supremum of B. By a canonical diagonal argument, there exists a continuous 
function / : [a, ro) — > M which is the pointwise limit of a partial {/n fe } of {f n }- 
Then, define recursively a sequence {s m } in the following way: 

s m > Sm-i, < r - s m < <5 m < min{6 m _i, 1/m}, 

where #o = 1 and S m is obtained from the oriented-equicontinuity of {fn k } applied 
to e = 1/m. The sequence {s m } satisfies that {s m } /• r and {f(s m )} m is a Cauchy 
sequence. From the completeness of M, {f(s m )} m converges to some point /(r ). 
As M is locally compact, there exists r > such that B + (f(ro),r) C K' with 
if' compact. Since f(s m ) — > f(r ) and d is a generalized distance, there exists m 
such that d(f(r ),f(s m )) < r/3 and 1/m < r/3. Moreover, as /„ fc (s m ) /(s m ), 
for rik big enough d(f(s m ),f nk (s m )) < r/3. Therefore, we have that, for all s € 
[fim, s m + <5 m ] and n fc big enough, 

d(f(ro),fn k (s)) < d(f(ro)J(s m )) + d(f(s m )J nk (s m )) + d(f nk (s m ),f nk (s)) 



So, for rife big enough, / nfc ([s m , s m + ^ m ]) C K' and then, by Lemma 5.13 the family 
f nk is equicontinuous in [s m , s m + 5 m ]. Moreover, as — s m < 5 m , necessarily ro S 
[s m , s m + S m ], Therefore, from the equicontinuity and the fact that f(s m ) — » /(ro), 



we deduce that f nk (ro) — > f( r o)- Finally, by Theorem 5.12 ro must be a maximum, 
and thus, ro = b. ■ 

Now we are in conditions to prove: 
Corollary 5.16 The Cauchy-Gromov completion Mq G — M U dg G M satisfies: 

(1) (Openness of M). The boundary d GG M is closed in Mq G . 

(2) (Heine-Borel). The closure in M GG of any bounded set in M is compact. 

(3) (Consistency with the Cauchy boundary). If M G is locally compact and d is a 
generalized distance, then j + : M G M G is an embedding and M G = M GG , 
i.e. d+ G M = 0. 

Proof. The first assertion is straightforward from Theorem |5.9| The second assertion 
follows from the compact character of M G and the definition of M GG . For the first 
assertion in (3), as d is a generalized distance, condition (a4') holds, and thus, j + 
is continuous. The continuity of the inverse of j + follows reasoning as in Remark 
|4.7| For the last assertion, in analogy to the Riemannian case, it is sufficient to 



show that B+(x,r;M G ),x € M G ,r > 0, are compact. Consider a sequence {x n } 
in B + (x,r;M G ) and define a sequence of curves {j n },ln ■ [0,1] — > M joining x 
and x n , such that: each j n is contained in M, it is parametrized with constant 
speed and length(7„) < 2r. Reasoning as in the Riemannian case (see footnote [6]) , 
the family of curves is oriented-equicontinuous. So, taking into account that M G 
is locally compact and complete, and x is an accumulation point of {7™}, Theorem 
|5.15| ensures the existence of a curve 700 which is the pointwise limit of a subsequence 
of {7™}, and so the required limit is 700(1). ■ 
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5.2 Busemann completions 

Next, we are going to develop the Busemann completion Mg for any Finsler man- 



ifold (M,F). First, in Subsection 5.2.1 we will deal with its definition as a point 
set by making definitions analogous to the Riemannian ones. The topology is de- 
veloped in the following three subsections. As always in the non-symmetric case, a 
second completion Mg is possible, and some non-trivial conventions about it will 
be stressed at Subsection 15.2.51 

5.2.1 Busemann completion as a point set 

Let (M, d) be a generalized metric space associated to a Finsler manifold (M, F) or 
any space under Convention |5.1[ We will introduce the analogous objects to those 
ones in Section |4~21 for the Riemannian case. 

Let C + (M) be the set of curves c : [a, +0) ->■ M, O < oo, such that F(c) < 1 



(recall Remark 4.17|. For c G C + (M) the associated (forward) Busemann function 



6+ : M — > (— oo, oo] is: 



6+(-)=lim( S -d(.,c( S )), (5.4) 



which is well-defined as 

s i— > s — d(x, c(s)) is increasing for any a; G M (5-5) 



(extend Lemma 4.14 1. Following steps analogous to those in Proposition 4.15 first, 
we have that if a Busemann function is not identically infinity then it is finite- valued 
everywhere, and we denote: 

B+(M) := {b+ < oo : c G C+(M)}. 

Second, we also have 

B + {M) C Ci(M, d), and so, 6+ G B+(M) => [&+] G M+. 

Moreover, when ft < oo there exists some x G Mp such that b~£{x) = Q — d(x, x ) 
for all x G M (here, d is extended to the elements of Mq according to Prop. 3.32), 
and we will write 

&+ = <:= 0-4. (5.6) 

where d^(x) := d(x,x) for all x G M and p = (Q,x) G R x Mq (recall that the 
domain of can be also extended to any point of Mq). If, otherwise, = oo, 
then is called a properly Busemann function and we write: 

B + (M) := {6+ < oo : c G C + (M), Q = oo}. 

Definition 5.17 As a point set, the (forward) Busemann completion of (M,d) 
is the quotient Mg := £> + (M)/R C Mq, the (forward) Busemann boundary is 
dgM := Mg\M (c 8qM), and the (forward) properly Busemann boundary is 
d+M := B+{M)/R. 

From previous discussion, clearly, dgM = j + (d^M) U d%M. 
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5.2.2 Chronological topology on Mg 

The chronological topology on B + (M) is introduced denning the closed sets by 
means of a limit operator L. Such an operator has its origins in an operator in- 
troduced by Flores and Harris (dJ; see also Hj) in order to study the future 
causal boundary of a static spacetime, and it has been developed further, includ- 
ing some consequences for the Riemannian case (see JTJ [TOl HJ ED 123 H2 ) ■ Here, 
we introduce directly the chronological topology for the Busemann completion of 
a Finslcr manifold, Mg . The definition is somewhat involved, and its motivation 
will appear more clearly in stationary spacetimes. However, one can appreciate its 
nice properties and its relation with Gromov topology — even in Finsler manifolds 
which are not involved in constructions associated to boundaries of spacetimes. 

The limit operator L will allow to define the closed sets for the topology in 
B+(M). Let a = {/„} C B+(M), the subset L(a) C B+{M) is defined as: 



(a) / < liminf„ /„ and 

(6) V<? G B+(M) with / < g < limsup„ /„, it is g = f. 



t<ztf~\ ) W J vmumi nJn aiiu , . 



Definition 5.18 The (forward) chronological topology (chr. topology for short) 
on B + (M) is the one such that C C B + (M) is closed if and only if L(o~) C C for 
any sequence a = {/„} C C, 

The induced quotient topology on the Busemann completion = B + (M) /K 
will be also called Busemann or chr. topology on . 

The Busemann completion Mg will be always regarded as a topological space 
endowed with the chr. topology, except if otherwise is explicitly said. 

Remark 5.19 It is easy to check that this notion of closed set is consistent and, 
moreover, if / G L(cr) then a converges to /. In fact, this can be seen from the 
following more general viewpoint (see [121 Appendix 3.6] for details; recall also 



Remark 2.3 1) above). 

A limit operator L on a set X is any map L : S(X) —> V(X) (where S(X) is the 
set of all the sequences in X and V(X) is the set of parts of X) such that if a is a 
subsequence of some a £ S(X) then L{a) C Ha). This property ensures that an 
associated topology tl is defined on X just declaring that C C X is closed if and 
only if L(o~) C C for any sequence a in C . For this topology, x € L(o~) implies that 
a — > x. The converse does not hold in general and, when it holds, L (and, then, tl) 
is called of first order. 

Such a topological space (X,tl) is a sequential space, i.e., it satisfies that any 
sequentially closed subset (which is a subset S C X such that if a sequence in S 
converges to a point x G X then x G S) is closed — recall that the converse always 
holds. In the class of sequential spaces (which includes the class of first countable 
ones) the continuity of a function can be characterized as sequential continuity, 
i.e., in terms of the preservation of converging sequences, as in the standard case 
of metric spaces. This fact will be used frequently for maps between spaces such 
as Mg, B + (M), Mq or M<t, as all these spaces are sequential (the last two ones 
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because they are metrizable, and B + (M), Mg by construction, see also Proposition 
5~23fr . 

Finally, consider the constant sequence x — {x} n , for each x £ X. Clearly, if 
L(x) = {x} for all x £ X, then the points in X are closed for tl, i.e. tl is T\ 
(conversely, if tx is T± then L(x) C {x}). In particular, the chr. topology is always 
T x . 

An example of result (to be used later) which is valid for the chr. topology as 
well as any topology constructed from a limit operator L, is the following. Recall 
that it is applicable to the limit operator L for the chr. topology in Mg. 

Proposition 5.20 Let X be a set endowed with a topology associated to a limit 
operator L. Assume that L(x) = {x} for any x £ X, where x — {x} n . Given a 
sequence a C X, if L(a) = {x} for any subsequence a C a then a only converges to 
x. 

Proof. From Remark |5.19| a: is a limit of a and we will prove that it is unique. 
Assume by contradiction that x' ^ x is also limit of a. In particular, x , x are 
limits of any subsequence a of a. Notice that a U {x} is closed. In fact, if r is any 
sequence constructed from the elements in a U {x} then some subsequence r of r 
must be either a subsequence of a or constantly equal to some element of a U {x}. 
In both cases, our assumptions imply L(t) C a U {x}, and then L{r) C a U {x} 
as required. As a consequence, x' £ a for any subsequence a C a. This means 
that a is constantly equal to x' up to a finite number of terms, in contradiction to 
L(a) = {x}.m_ 

The definition of the chr. topology makes necessary to study properties of con- 
vergent sequences. 

Lemma 5.21 (i) For pi = (ti,Xi) eRx M . i = 1,2, the inequality d+ < d+ 2 (i.e. 
dp t (x) < d^ 2 (x) for all x £ M ) holds if and only if d(xx, X2) < ti — t\ . 

(ii) For any f £ B + (M) there exists a sequence {p n } C M x M such that 
< dp n+1 and f — s\ip n d^. Moreover, if D C M x M is a dense subset, {p n } 
can be chosen included in D. 

(Hi) Let g £ C\{M,d) and po = (to,xo) £ K x M such that to < g(xo). Then, 
d Po < 9- 

Proof, (i) The implication to the right follows by evaluating the inequality d+ < d+ 2 
at x\. For the implication to the left, just use that, from the triangle inequality, 
dt 2 {y) ~ dt^y) < d(xi,x 2 ) for all y. 

(ii) Let / = fr+ for c : [a, Q) — > M. Any sequence {p n = c(t n )} with {t n } /• VL 
fulfills the required properties. For the last assertion, recall that each W n := {p £ 
K x M ; d+ n < c?+ < dp n+1 } is open and non-empty (use (i)), and replace the 
original p n by any point in D n W n . 

(iii) Notice that dp (x) < g(xa) — d(x,Xo) < g{x), the last inequality from the 
Lipschitz condition. ■ 

The following result exhibits some natural open subsets. 
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Proposition 5.22 For each f G B + (M) the subset 

I + (f) := {h € B + (M) : 3 p G K x M such that f < al+ < h} C B + (M) (5.8) 
is open for the chr. topology. 

Proof. In order to prove that B + (M)\I + (/) is closed, it is enough to check that, for 
any sequence a = {g n } C B + (M) and function h G I + {f) such that h G L(a), the 
sequence a is contained in I + {f), up to a finite subset. Let po = (to,Xo) elxM 
such that / < <i+ o < ft., recall that to = d+ o (xo) < h(xo) and, as h < liminfg„ 



dp ( x o) < 9n{xa) for n big enough. So, from Lemma 5.21 (iii) dp < g n and 



g n € I if) for n large enough. ■ 

In the particular case of / = rfp , for po 6 1 X M, the notation will be replaced 
by I + (poj -B+(M)) := Alternatively, by using the Lipschitz property of h 

in(|5~8l): 



I + (p Q ,B + (M)) := {h e B+{M) : t < h(x )} for anyp = {t ,x ) elxlf. 

(5.9) 

The notation suggests that I + (po, B + (M)) is related with the chronological future 
of po m some spacetime, as shown explicitly in Section [6j 

The natural topological properties of B + (M) are transmitted to Mg. In fact, 
as the maps Tk : B + (M) — > B + (M), f i-> / + k are homeomorphisms for all k £ K, 
we have: 



Proposition 5.23 The natural projection U : B + (M) -> Mg = B+(M)/ 



is an 



open map. 



5.2.3 The inclusion of Mq in from the topological viewpoint 

In order to obtain a true completion, the original space M has to be embedded as 
a dense subset in Mg in a natural way. In fact, we know that j + : Mq — > Mq is 
injective, and j + (Mq) C Mg. Denote 

j+ : M+ ^ M+ (5.10) 

the map obtained by restricting the codomain of j + to Mg (which is regarded now 
as a topological space with the chr. topology). We will see that j%\u yields the 
required embedding and, as in the case of the embedding in Mg, the situation is 
subtler for jg. 

Proposition 5.24 Consider a sequence {b^ n } C B + (M) and p = (Cl,x) elx M. 
If dp — 51 — d£ (g B + (M)) belongs to L({6^}), then {b^ n } converges pointwise to 
dp . Moreover, for n big enough, = tt n — d£ n with fl n G M. and x n G M satisfying 
f2„ — > O and x n — > x. 

If dQ is a generalized distance and Mq (necessarily equal to Mq and M c , Prop. 



3.28) is locally compact, then the same conclusion holds for any p — (CI, x) G 



x MJ. 
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Proof. Consider c„ : [a„,fl„) — ^ A-f an d suppose by contradiction that fl — rf+ € 
L({6+ }) but } does not converge pointwise to A — ci+. By the chronological 
convergence, one has fi < liminf 6+ (x). So, taking a subsequence {flfc„} n if neces- 
sary, and re- naming fl^ = fl„ for all n, we can assume fl„ > fl — 1/n. Notice also 
that there exists some e > such that: 

fl„ > fl + e, up to a subsequence. (5-H) 

In fact, otherwise fl„ — > ft and for n large enough, b£ = fl n — d^ for some x n £ Mp, 
(Prop. 4.15). Since ft < liminf^ bp (x), for each m £ N there exists some m such 
that fl — TJm < 6j (a:) = ft n — d{x, x n ) for all n > no > m, that is: 

< d(x, x n ) < (fl n - fl) + — . 

m 

Thus, d(x, x n ) 0, which joined to ft n — > fl, implies that {bj } converges pointwise 
to fl — d+ , a contradiction. 

Next, assuming that (5.11 ) holds, we are going to ob tain a contradiction with the 
maximality of fl — d+ as a L-limit according to (b) in (5.7). The local compactness 
of M allows to take a compact neighborhood U of x and define the following subsets 
of Busemann functions, which are also compact with the pointwise topology: 

C := {t - d+ e B+(M) : t e [fl - f , SI + f ], y € U} 
dC :={t-d+ eC : either t = fl - f , fl + f or ye dU}. { ° > 

For the proof, we will need the following claim which will be proved later: 

Claim: For any s £ [SI — and z £ U such that s < fl — d(z,x), there 
exist t z £ [fl — e/2, fl + e/2], y z £ U and a subsequence {6+ } such that: (i) 

t z - dp £ dC, (ii) s < t z - d+(z) and (iii) liminf 6+ > t z - dp. 

Let us apply the claim to each s m of a sequence {s m } C [fl — f , fl] with s m ft 
and z = x. We find some t m £ [fl — |, fl + |], j/ m 6 J7 and a subsequence {^ m '}n 
of {fyf} satisfying (i), (ii) and (iii). Making each {bt} m+1 ^}n be a subsequence 
of {&Ji m '}n, by a diagonal argument we can suppose that the same subsequence 
{&+ } is valid for all m. Up to a subsequence, {t m } and {y m } converge to some 
t° G*[n - f , fl + f ], y° £ U and, so, 

{t n — d+„} converges pointwise to t — dp £ dC. (5.13) 

By statements (ii) and (iii) of the claim, the function t° — dp also satisfies fl < 
t° — dp (x) and lim inf bp > t° — dp . The first inequality (plus the triangle one) 
yields t° — dp > fl — c?+ and, as t° — dp £ dC, the inequality is strict at some point. 
Thus, t° — dp contradicts the maximality of fl — d+ in lim sup bp , as required. 

Proof of the claim. As liminf bp > fl— d+, and so, s < Sl-dj(z) < liminf bj (z), 
there exists t n £ (fl + e, fl„) (observe (5.11 )) satisfying: 

bt {z) > t n — d(z, c n (t n )) and s < t n — d(z 7 c n (t n )) for all n big enough. 
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That is, d(z,c n (t n )) < t n — s, and th ere ex ists a curve r : [s,t n ] — > M with 
F(r) < 1 joining z and c n {t n ). By Lemma 



4.14 



t — c^t) ^ s increasing, and so, 



d+ < t 



V< G (S,*r, 



As s - d+ G C, i r 



i in the pointwise convergence topology, 



C and the functions t — <\(t) vai T continuously with 



3 t z ■ t z 



G SC. (5.14) 



Summing up, we have found i*, y^(= r(t z n )) such that: i* — dy Z € <9C and s — d+ < 
t z n — dy Z < t n — d^ , t ^ < b~^ n , the last inequality because of the Lipschitz condition 
(moreover, it is strict because of our choice F(c) < 1, recall Remark 4.171. As 
tn ~ dyt G dC C C compact, there exists t z ,y z such that t z — dy* is the pointwise 
limit of a subsequence {t z lk — dy* From the construction, t z ,y z satisfy the 
conditions (i) and (ii). And, as t z — dZz is the pointwise limit of t z — dZ* < 6+ , 
the condition (iii) is also satisfied, which ends the proof of the claim. 

For the last assertion, observe that the essential properties used from (M, d) have 
been: (1) the fact that (M,d) is a length space; (2) the local compactness of M; 



(3) in order to prove (5.12), (5.13), the sentence below (5.11) and the convergence 
of {t z lk — dyz }k above, we have used the continuity of the function d in the second 



variable; (4) in order to prove (5.14), we have essentially used that any curve c going 



from inside to outside the compact neighborhood U of x (which can be assumed 
to be a ball) must intersect the boundary of U, i.e. the continuity of d in the first 
variable (recall that we consider backward balls in general). So, if we impose that 
dQ is a generalized distance and Mq is locally compact (thus, Mq — Mq is a length 
space and the continuity in both variables is ensured; recall Proposition |3.28| and 
Lemma 5.5 applied to d and gP v ), the last assertion is obtained. ■ 



The required result is then: 



Coro llary 5.25 Let (M,d) be under Convention 5.1 and jg : M ( 



Mi 



(5.10). Then, jg is injective and it is continuous if and only if the condition (a4') 



holds. The restriction jg\M is an open embedding and jg(M) is dense in Mg . 

Moreover, if dQ is a generalized distance and Mq is locally compact, then is 
also an embedding. In particular, this happens if d is a (symmetric) distance and 
Mq(= Mq) is locally compact. 



5.7 



Proof. The continuity a nd in jcctivity of jg follows as in Proposition 
of jg(M) from Lemma 5.21 ii), and ji(M) is open because II _1 (9 
is closed for the chr. topology (for a ny seq uence a in U-^d^M), L(a) is also 



1M 



the density 
) C B+(M) 



included in H~ 1 (d] 3 M) by Proposition 5.24). The contin uity of the inverse of of 
jg follows as a consequence of previous Proposition 
sequential (recall Remark 5.19). ■ 



5.24 



and the fact that Alt is 
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Remark 5.26 Notice that analogous results are also being obtained for B + (M). 
In particular, the map K x M B + (M), (t,x) i-> i — d+ is an open embedding 
with dense image. 

5.2.4 Compactness of the Busemann completion 

Our aim is to prove that Mg provides a sequential compactification of M. To this 
objective, again we need a previous technical result. 

Lemma 5.27 Assume that, for some <f> E C\(M,d), xo € M and to 6 R, the 
following subset of B + (M) is non-empty: 

T = {geB+(M):g<^ g(x )>t }. (5.15) 

Then, J- admits some maximal element (for the partial order <) in B + {M). 

Proof. Applying Zorn's Lemma to J-, it suffices to show that any totally ordered 
subset admits an upper bound in J- . By contradiction, suppose that there exists 
a totally ordered subset T' which has no upper bound. Associated to this set, 
there exists a countable family of functions {d^ x ^} such that any bf G J 7 ' is 

chronological limit of some increasing subsequence of {d^ t x ^} and each element 
d% x ■. of the family admits some b~f £ J-' satisfying d^ x ) < bf . In fact, from 
Lemma 



5.21 



(ii), bff = lim„ d^ c xC j (pointwise, and then, chronologically), with 
^(t c x" ) ~ ^{t c x a )' (*n> x n) e Q x D for all n, and D a numerable, dense subset 
of M." 

Construct a subsequence {d^ s ^} of {dj x ^} by the following inductive way. 
Take df :— df. <, and given d^~ , , take df > such that dt" \ > 

df , and df > df i — 1, ...,n — 1. For the existence of d + 



note that, as di. x % < bf. e J 7 ', i = 1, n— 1, dj , < 6+ 6 J 7 ' and J 7 ' is totally 
ordered without upper bound, there exists bf € J 7 ' such that djt. < bf , i = 
1, ...,n — 1 and df s ^ , < & _ i n+1 ; hence, the density of {df t x ^} in J 7 ' ensures that 
such a dt \ exists. 

(s„+i,y„ + i) 



Finally, from Lemma 5.21 (i) one has that d^" >, > df implies s r , 



i, x a, \ implies s n +i — 

(Sn+l,»n+l) ^ ™ +i 

s„ > d + {y n , y„+i), and so, one can define a curve r : [s 1; f2) — > A/, with 17 = lim„ s„, 
such that F(f) < 1 and r(s„) = y n . Moreover, the function bf satisfies: bf < <f> 
(as df s < 6), bf < bf for all bf e T' (as bf > df. > for all n) and 

( x o) > ^(^o) > *o (where bf e J 7 '). Hence, 6+ e J 7 is an upper bound of J 7 ', in 
contradiction with our initial hypothesis. ■ 

Next, the required result on compactification is the following: 

Theorem 5.28 The (forward) Busemann completion Mg of (M,d) endowed with 
the chronological topology is a sequentially compact topological space. 
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Pick a point xq G M and, 
there exists a 



4.4 



Proof. Consider any sequence a — {[&JJ} in M\ 
with no loss of generality, assume that bj (xq) = 0. By Lemma 
subsequence {&+ }k with some pointwise limit <f> € C\(M, d) (in particular, <P(xq 
0). Putting t 



in Lemma 



5.21 



(iii), — < <fi and the set T defined in (5.15) 
is non-empty. From Lemma 5.27 J- must contain some maximal function 6+ . 'i'his 
function is a chr. limit oi{b~J~ }k according to (5.7). In fact, let h G B + {M) 
with £>+ < h < <f>. Necessarily, h £ T and by the maximality of &+, h = i>+, i.e. 
6+ € }fc). Therefore, [6+] is also a limit of ]}&, as required. ■ 



5.2.5 The backward Busemann completion 

As always in the non-symmetric case, we can introduce "backward" definitions and 
results, just by using the reversed elements F rcv , c? rcv instead of F, d. However, there 
are some conventions (especially about signs) which suggest a different choice for the 
backward elements. These conventions will be very useful for the relations between 
the forward and backward Busemann boundaries provided by the c-boundary (see 
Section |6| . 

So, for the construction of the space Mg, we start with the map j~ : x i— > 
+d(x, •) instead of the map j + : x — d(-, x). The space C~(M) is the set of all the 
piecewise smooth curves c : [a, £1) — > M, ft < oo, such that F rcv (c) < 1. Here, the 
endpoint of the interval has been written Q, and we will put typically Q = — O. Now, 
the backward Busemann function is defined as b~(-) = lim _,q(— s + d(c(s), •)) € 
K U {— oo}, and B~(M) denotes the space of these functions which are finite. The 
backward chronological topology on B~ (M ) is introduced by means of the following 



limit operator L, which replaces L in (5.7): 

, f , n f (a)f > limsup„/ n and 

1 ' \ (6)Vfl G B-(M) with / > g > liminf„ /„, it is .g = /. 

Recall that the corresponding notions of Gromov and Busemann completions, 
according to this alternative conventions, are totally equivalent, and so are the 
corresponding results. 



5.3 Chronological topology vs Gromov topology 



The Busemann completion and its different parts are regarded as topological spaces 
with the chr. topology. However, we have emphasized that Mg C Mq as a point 



Mq with the co-domain 



set and, in fact, jg : Mq — > M^ was just j . ^± c 
restricted at the point set level. We have already analyzed the relation between the 
Cauchy topology on Mq (induced from the backwards balls of the quasi-distance 
do) and both, the Gromov and Busemann topologies on j + (Mq){= j^(M^)), see 
Corollaries 5.16 and 5.25 Next, we are going to study the relations between the 
Gromov and Busemann topologies when the former is restricted to Mg, 
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5.3.1 The inclusion of Mg in Mq from the topological viewpoint 

The following result shows that the chr. topology is coarser than the Gromov one. 
As the latter is coarser than the Cauchy topology on j + (M£), the chr. topology is 
the coarsest one of the three topologies. 

Proposition 5.29 Consider a sequence {f n } C B + (M) which converges pointwise 
to a function f £ B + (M). Then, f is the unique chronological limit of {/«}■ 

In particular, the inclusion i : Mg — > Mq satisfies that i _1 : i(Mg) — > Mg is 
continuous. 



Proof. For the first assertion observe that, from the pointwise convergence of {/n}, 
we have limsup/„ = liminf /„ = /. In particular, a = {/«} and / lie under the 
hypotheses of Proposition |5.20| Thus, / is the unique limit of a in the chr. topology. 

For the last one, as Mq is metrizable (Theorem 5.9) the continuity of i~ x is 
characterized by sequences, so let {[/ n ]} C Mg which converges pointwise to [/] G 
Mg. With no loss of generality, we can assume that {/»} converges pointwise to /. 
Then, / is the (unique) chr. limit of {f n } from the first part, and the required chr. 
convergence of {[/n]} to [/] follows from the continuity of the natural projection 
II : B+(M) -> Mg. m 



Remark 5.30 The differences between the Busemann and Gromov topologies at 
the point set level appeared clearly even in the Riemannian case, see Remark |4.18| 
It is easy to check that, in these cases, there is also a difference at the topological 
level. In fact, in Figure H(A) the sequence {[— d^ n ]} n converges to both, [— J 
and [— 4% (recall FigH4l (B)). As we will see, there are differences at the point 
set level occur if and only if the Busemann topology is dif ferent (strictly coarser) 
than the induced by Gromov one in Mg (see Remark 5.41 ). 

Therefore, in general the chr. topology is strictly coarser than Gromov one. 
Recall also that Example 4.9 also showed that the Gromov topology (and then, the 
Busemann one) is strictly coarser than the Cauchy topology. 



5.3.2 The case of separating topologies 

Most of the difficulties of the chr. topology come from the fact that the limit 
operator L may be not of the first order. We will see next that a simple hypothe- 
ses prevents this case and ensures automatically quite a few of nice properties. 
These hypotheses are adapted from a natural one for the c-boundary of spacetimes, 
which was studied in [12l Defn. 3.42, Prop. 3.44]. Recall that the open subsets 



I+(p Q ,B+(M)) were defined in (5.9) 



Definition 5.31 The (forward) chr. topology on B + (M) is separating if the fol- 
lowing property holds: for any two functions f, f G B + (M), with f < f , f f , 
there exists some p = (t Q ,x ) e K x M which separates them, i.e., po satisfies 
f I+(po,B+(M)) but f(x ) <t Q < f(x Q ) (and thus, f e 1+ (p , B+(M))). 
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Proposition 5.32 If B + (M) (endowed with the chr. topology) is separating, then 
B + (M) is second countable and L is of first order. Therefore, Alg is also second 
countable. 

Proof. First, let us prove that the following family of subsets in B + (M) is a (count- 
able) topological basis: 



Q = {I + {p n ,B + (M))nU^ 1 I+( Pji ,B+(M)) :n,j,el}, (5.16) 

where D = {p n } n is a dense countable subset of 1 x M. Consider /' G B + (M), 
choose a chain {d^, } converging pointwise to /' with {p' n } C D (recall Lemma 
5.21[ ii)) and construct a basis {U n } C Q of open neighborhoods of /' as follows. 



Let {.Si = p ni }i C D be the (countable) subset composed by those points in D 
which separate /' and /, for some / G B + (M) such that /' < /, /' ^ f. Recall 
about this subset that, from the separation property assumed in the hypotheses, 
for any / as above there exists some po = (t po , x po ) G M X M which separates /' 
and /. Thus, any s = (t s ,x s ) G D satisfying d(x Po ,x s ) < t s — t po and t s < f(x s ) 
provides an element of {s^ associated to / (recall that necessarily d po < df, then 
I + (s,B + (M)) C I + (po, B + (M)) and this inclusion holds for the closures, i.e., /' £ 
I + (s, B + (M ))). The density of D allows to find (infinitely many) such a s with 
d(x Po ,x s ) small enough, and the full {si} is constructed by taking all such s for all 
such functions /. Now, define each U n G ft as U n :— I + (p' n , B + (M)) n A n , where 
A n = \J™ =1 I+{ Si ,B+{M)) C . Since /' £ I+( Si ,B+(M)) for all i, the open subsets 
U n contain /'. 

To check that {U n } constitute the required basis around /', let us prove first 
that any sequence {g n } such that g n € U rn for all m and all n > n(m), sat- 



isfies /' € L({g n }). In fact, to check the first condition in (5.7), recall that 
g n G I + (p' m , B + (M)), and so, g n > d p , . As d^, — > /' pointwise, the inequality 



/' < liminf„(7 n holds. For the second condition in (5.7), if /' < / < limsup n g„, 
/' ^ f, then / € I + (s io ,B + (M)) for some s io £ {sj and, thus, t SzQ < f{x Sio ). 
As / < limsup„3„, then t SiQ < g n (x SiQ ), i.e., g n G I + (s io ,B+(M)), for infinitely 
many n, in contradiction with the hypothesis g n G U m . Now, it is clear that if some 
neighborhood U of /' satisfied U n <f_ U for all n, the sequence {g n } obtained by 
choosing some g n G U n \U for all n would not c onverge to /' with the chr. topology 



but /' G L({g n }), an absurd (see Remark 5.19) 



The first order property of L is also straightforward now, because if a = {g n } 
converges to /' with the chr. topology, necessarily g n G U m for all m and all 
n > n(m), and then /' G L({g n }). 



For the last assertion, just use Proposition 5.23 and project the basis (5.16). 



Remark 5.33 As we will see, if B + (M) is Hausdorff then it is separating (just 
apply Remark 5.35 and Proposition 5.37[ ), but the converse does not hold. In the 



framework of spacetimes, it is easy to find examples of causal completions such that 
its (chr.) topology is not separating and, even more, non-first countable, see |12[ 
Example 3.43, Remark 3.40]. So, it is conceivable that these properties may occur 
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for B + (M) (and, then, be transmitted to M+), even though we do not have any 



example where (5.16) is not a basis for the chr. topology. 



5.3.3 Topologies with unique limits of sequences 

As we have seen, Mg may be non-Hausdorff and this is a clear difference with Mq. 
Our aim will be to show that only in this case there are differences between both 
topologies. However, we will study the non-Hausdorff character from a more general 
viewpoint (compare with [33] ) . 

Definition 5.34 Let X be a set. A topology on X is unique limit for sequences 
(ULS) if any sequence in X has at most one limit. A topology 77, associated to a 
limit operator L on X is unique limit for L (ULL) if, for any sequence a in X, 
L(a) contains at most one element. 



Remark 5.35 Clearly, Hausdorff => ULS ULL (recall Remark 5.19) and, for 
first countable spaces, ULS => Hausdorff. 

Now, let us consider again B + (M) with the chr. topology — always regarded as the 
topology associated to L. 

Lemma 5.36 Assume that B + (M) is ULL. If a sequence {6+ } C B + (M) con- 
verges pointwise to some Lipschitz function <j> £ C\{M, d) and fr+ £ L({b+ }), then 
4> = b+. 

Proof. Since 6+ £ L({6+ }), necessarily 6+ < 4>. Assuming by contradiction that 
<f) 7^ 6 + , there is some xo £ M and to £ K with b+(x ) < to < <)>(xq). Thus, for 



Pa = (to,Xo), necessarily d£ n < <f> (recall Lemma 5.21 (hi)), and so d£ £ J 7 , i.e. the 



set J- constructed in (5.15) is non-empty. Then, Lemma 5.27 ensures that _F must 
contain a maximal function 6+ and, even more, 6 + £ L({6+ }) (for any h £ B + (M) 
with 6+ < h < 4>, we have h £ since 6+ is maximal, necessarily h = 6+, and thus, 
6 + £ £({6+ })). But since b+(xo) > to > b+(xo), we know 6 + 7^ 6+, in contradiction 
to the ULL character of B + (M). m 

Proposition 5.37 If B + (M) is ULL, then it is separating. So, L is of first order 
and both, the chr. topologies on B + (M) and Mi, are ULS, second countable and 
Hausdorff. 

Proof. To prove that B+(M) is separating, let /',/ £ B+(M), with f < f 
and f'(xo) < to < f( xo) for some po — (to,Xo), and let us prove that /' ^ 



I + (j>o, B + (M)) (recall (5.9)). Note that it suffices to check that the subset {<? £ 
B + (M) : to < g(xo)} (which does not contain /'), is chr. closed. Reasoning by 
contradiction, assume that there exists some sequence a = {/„}, with to < fn{ x o) 
for all n, and h £ L(a), such that h(xo) < to- As M+ is compact, there exist 
constants t n £ R and a subsequence {f Uk + tfe} converging pointwise to some Lip- 
schitz function <f>' . It is not a restriction to suppose that this subsequence satisfies 
tfc — > t^ for some too £ R- In fact, otherwise, for some subsequence {tfe,}/ we 
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have either tk, — > oo, 
and, then, f n (x ) -S 



and so, as to < fn{xo) 
oo, which, by Remark 



5.3 



= oo (an absurd), or tk l — > — oo 
2), implies liminf{/„ fc } = oo, in 



contradiction with the maximality of h in limsup{/„} required for the elements of 
L(a). Therefore, a — {f nk } converges pointwise to <j> = <p ' — tg p. In particular, 
h(x ) < t < 



5.36 



5.32 



(xq). Since h € L(a), this contradicts Lemma 
For the last assertions recall that, as B + (M) is separating, Proposition 
ensures that the chr. topology is second countable and L is of first order. Moreover, 
as B + (M) is ULL, the chr. topology is ULS and, so, Hausdorff (recall Remark 5.35 1 . 



5.3.4 Main results 



The following theorems show the precise relation between the Busemann and Gro- 
mov completions. The following technical lemma is required first. 

Lemma 5.38 B + (M) is ULL if and only if Mg is Hausdorff. 



Proof. The implication to the right is included in Proposition |5 . 37] For the implica- 
tion to the left, assume that B + (M) is not ULL. Then, L(cr) contains two distinct 
elements for some sequence a C B + {M). From property (b) in (5.7), the difference 
between these elements is not a constant. So, they define two different classes of 



Mg, and thus, 



Mg is not Hausdorff. 



Theorem 5.39 The following statements are equivalent: 

(a) No sequence in Mg converges to more than one point in d^M with the forward 
chronological topology. For any sequence a C Mg~, L(a) contains at most one 
point in d^M . 

(b) is Hausdorff with the forward chronological topology. 



(c) i : Ml 



Mq is continuous (and thus, an embedding). 



(d) Mg = Mq (both, as a point set and topologically) . 

(e) Mg is equal to Mq as a point set. 

Proof, (a) (6). Suppose by cont radic tion that Mg is not Hausdorff, and thus, 
B + (M) is not ULL (recall Lemma 5.38). So, there exists a sequence {&+ }„ such 



that L({6+ }) contains two distinct elements of B + (M). By hypothesis (a), one of 

d+ with x £ M. From Proposition 5.24 {&+ } n 



these functions is of the form f2 
converges pointwise to O — d+. But, then, Proposition 5.29 ensures that this is the 
unique limit, a contradiction. 

(6) => (c). Since Mg is a sequential space the continuity of i is characterized by 



means of sequences (recall Remark 5.19); by Proposition 5.29 i will be then also 



an embedding. So, assume that { [6+^ ] } converges with the forward chronological 
topology to [&+]. It is not a restriction to assume that {&+ } converges with the 
forward chronological topology to b+ ■ As Mg is Hausdorff, B + {M) is ULL (Lemma 
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5.38), and thus, L is of first order (Proposition 5.37). So, we can also assume 
that 6+ e L({&+ }) and, reasoning by contradiction, that {b£ n } does not converge 
pointwise to 6+ . Moreover, there exists a subsequence {&+ }k converging pointwisc 
to some (f> ^ (reason as in Proposition 5.37, namely, for any xq £ M, the 
sequence {\b£ n (%o)\}k must be bounded because, otherwise, a contradiction with 

ce bf 



5.36 



L({b+ }) ^ would appear). This is in contradiction with Lemma 
belongs also to L({b+ } k ). 

(c) =>■ (d). Any point [/] € Mq is the pointwise limit of some sequence 
{j + ( x n)} C Mg, with {x n } C M. As Mg is sequentially compact, up to a 
subsequence, {j + (x n )} converges with the forward chronological topology to some 
[/] € Mg. By the continuity of i, {j + (s n )} also converges pointwise to [/], and so, 
[/] = [/]■ So, i is onto and, under our hypotheses, a homeomorphism. 

(d) =*> (e). Trivial. 

(e) =>■ (a). By contradiction, assume that {[6+ ]} C Mg converges with the chr. 
topology to distinct elements [6+] ^ of dgM. By the compactness of Mq and 
hypothesis (e), there exists some subsequence {&+ }fe converging pointwise to some 

[/] <G Mg = Mg. From Proposition 5.29 [/] must be the unique chronological limit 



of {[&+ ]}fe, and thus of {[6+ ]}, in contradiction with the initial assumption. 

Recall that Gromov and Eberlein and O'Neill's boundaries coincide, both as a 
point set and topologically, when (M, g) is a Hadamard manifold |2j [5] - So, Theorem 
|5.39| also ensures the equality with the Busemann boundary. 

Corollary 5.40 Let (M,g) be a Hadamard manifold. Then the Busemann and 
Gromov compactifications (as well as Eberlein and O'Neill's one) coincide. 

Proof. As Eberlein and O'Neill's compactification is carried out by means of Buse- 
mann functions of rays, then it is always included in Mb as a point set. So, as that 
compactification agrees with Gromov's one in a Hadamard manifold, Mq — Mb as 
point sets and, from Theorem |5.39[ also topologically. ■ 

Remark 5.41 As emphasized in Remark |4.18| and Figure[5j it is not difficult to find 



examples with Mb ^ Mq as a point set — and, as a consequence of Theorem 5.39 
where i : Mg — > Mq is neither an embedding. This happens when there exists some 
point in Mq that cannot be reached from M by means of an asymptotically ray- 
like curve, i.e. a curve with finite Busemann function. Perhaps the most dramatic 
difference happens when some points in BqM cannot be reached as limits of any 
type of curves in M (recall Figure Q (A)). But, even when they can, it is not difficult 
to construct examples where the Gromov completion differs from Busemann one. 

The example depicted in Figure [6] may be especially illustrating. Here, if one 
modifies the usual metric of a cylinder by putting the depicted "chimney" (Figure 
[6] (A)), then a point appears for both, the Gromov and Busemann boundaries (as 
well as for the Cauchy one). If two such chimneys are included (Figure [6] (B)), 
two points appear for 8bM (and dcM) 7 but a continuum of points (a segment) 
appears for dcM. The two points in &bM are not Hausdorff separated for the 
chr. topology. This reflects the fact that dsM is a compactification, not only a 
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completion (as dcM was). The "surprising" appearance of a continuum of points 
for &gM is a consequence of the Hausdorffness of the Gromov compactification. 

It is also worth pointing out that, in the Figure [6] (B), the induced topology 
in dsM from Mb is the discrete one (this is a consequence of the fact that the 
chr. topology is T\ and 9 S M contains only two points). So 83 M is Hausdorff, 
even though the two points of Ob M are not Hausdorff related as points of Mb- 
Analogously, local compactness is not satisfied (neither in the case (A) nor in (B) 
of Figure |6| by the points of dc M regarded as points of Mc, but it is satisfied in 
dcM regarded as a topological space. 



5.4 Proof of Theorem 11.11 

Now, we are in conditions to summarize the proof of Theorem 
Proof of Theor. \1.1\ Point 1. It follows from Theorem |5.9| 
Point 2. The sequential compactness is proved in Theorem |5.28| For the T\ 

character of the chr. topology, recall Remark 5.19 The non-Hausdorff possibility 



(as well as the possible non-continuity of the inclusion i in the second paragraph), are 
illustrated by Figure[4] (Remark 5.30 1. The continuity of i^ 1 in the second paragraph 
is proved in Proposition |5.29| The third paragraph is included in Theorem |5.39| 

Point 3. (First paragraph) . The character of quasi-distance is ensured by Propo- 
sition |3.25| and the Tq property by Theorem |3.29| 

Point 3. (A) The first paragraph follows from Proposition 5.7 For the second 
paragraph, the local compactness of M£ G follows from the compactness of Mq 
and the Heine-Borel property is proved in Corollary 5.16 (2). The third paragraph 
collects Corollary 5.16 (3). 



Point 3. (B) follows from Corollary 5.25 

Point 3. (Last paragraph). Direct consequence of Theorem 3.29 Proposition 



3.30 Theorem 5.9 and Corollary 5.25 (for the last assertion, use also Theorem 5.39) 



6 C-boundary of standard stationary spacetimes 

Next, we are going to use the structures introduced in previous sections to describe 
the c-boundary of standard stationary spacetimes. To this aim, we will consider 



spacetimes as in (2.4) with the choice of conformal factor A = 1, i.e. 

V = Rx M and g = -dt 2 + ir*u> <S> dt + dt ® ir*u> + ir*g Q . (6.1) 

The natural projection (:RxM->l will be called the (standard) time, — and 
we will use the letter t with some obvious abuse of notation. From this metric, we 



consider the Fermat metrics F ± — ^ go + u> 2 ± uj as in (2.5). We will denote with 
subscripts + (resp. — ) the objects associated to the metric F + (resp. F~). So, 
the associated generalized distance will be denoted d + and its reverse distance d~ . 
(M, d ± ) will be the generalized metric spaces associated to the standard stationary 
spacetime. 
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(A) 



(B) 



Figure 6: Non-Hausdorff 8b M and surprising points in 3qM (Remark 5.41). 
Starting at a strip on the plane, consider the half cylinder M — [—6, 6] x (—1, oo)/ ~ 
where ~ identifies each (— 6, y) with (6, y), for all y > — 1 (the black regions are 
irrelevant for our problem, and will not be taken into account). Put a Rieman- 
nian metric (which can be chosen conformal to the usual Euclidean one) in such a 
way that: (i) out of the "chimneys" (the regions drawn in grey) the metric is the 
Euclidean one, and (ii) the central curves of the chimneys (cq in the case (A) and 
c_3, C3 in the case (B)) have finite length. 

Case (A): Mb and Mq coincide (as, obviously, no sequence in M can converge 
to two distinct points of 8bM). Moreover, the corresponding boundary is naturally 
identified with {xo}, where xq is the Cauchy boundary point associated to the curve 
c - 

Case (B): The Cauchy and Busemann boundaries coincide as point sets and are 
identifiable with {x-3,xs}, where xs,X3 are the Cauchy boundary points associ- 
ated to c_3 and C3 resp. Nevertheless, the Gromov boundary include also a point 
for any curve of the form c a (t) = (a, t) with a £ [—3, 3], i.e., the Gromov boundary 
naturally includes a "segment" which connects x-3 and 23. 



G2 



6.1 Chronological relations and Lipschitzian functions 

In this subsection we are going to establish the chronological relations of (V, g) in 
terms of the Finsler metrics . The arguments are inspired by the seminal work 
of Harris for the standard static case . 

Proposition 6.1 Consider two points (to,xo), (tx,Xi) € V. Then: 

(t ,x ) < (h,xi) <^=^ d + (x ,xi) < ti - to- 
Proof. If (t , a^o) "C (ti,xi) then there exists a future-directed timelike curve j(s) = 
(t(s),c(s)) such that 7(0) = (t ,xo), 7(1) = (ti,Xi). Since 7 is future-directed 
timelike, necessarily i(s) > y/go(c(s), c(s)) + uj(c(s)) 2 + w(c(s)) = F + (c(s)) for all 
s. In particular, 

t 1 -t = [ i{s)ds> [ F + {c{s))=lcngth + {c)>d + (x a , Xl ). 
Jo Jo 

Reciprocally, if t\ — to > d + (xo, x\) then there exists a curve c(s) in M with c(0) = 
x , ci(l) = X\ and constant speed F + (c(s)) <t-y— t . Therefore, the curve 7(s) = 
(t(s),c(s)), with t(s) — (ti — to)s + to, is timelike, future-directed and satisfies 
7(0) = (t ,x ), 7(1) = {h,xi), as required. ■ 

Notice that we can reparametrize the timelike curves by using the standard time 
t. Therefore, from the expression of the standard stationary metric g in (6.1 1, we 
deduce directly: 

Proposition 6.2 A curve 7(f) = (t,c(t)) (resp. j(t) = (—t,c(t))), t € I (interval), 
is future (resp. past) directed timelike if and only if F + (t) < 1 (resp. F~(c) < 1). 

As a consequence, the past and future sets of V (according to the definitions in 



Section 2.1 1 can be characterized by means of Lipschitz functions. More precisely: 



Definition 6.3 Let f be a Lipschitz function for d + (resp. d ). Its past P{f) 
(resp. future F(f) ) is the following subset of V = K x M: 

P(f) := {(t, x)GV:t< f(x)} C V (resp. F(f) := {(t, x) e V : t > f(x)} C V). 

Proposition 6.4 A (non-empty) subset P, P $1 V (resp. F, F £ V) is a past 
(resp. future) set if and only if P — P(f) (resp. F — F(f)) for some Lipschitz 
function f for d + (resp. for dr ). 

Proof. For the implication to the right, given P define 

f(x) := sup{t £R:(t,i)e P}, Vx € M, (6.2) 

and choose two points (to,Xo) 4- P> (ti,xi) € P. As d + (x,xi) < t± — t for large 
—t, necessarily f(x) > —00. Moreover, f(x) < t + d + (xo,x) because, otherwise, 
any t € (to + d + (x , x), f(x)) would yield the contradiction (io^o) "C (t, x) G P. 
In particular, f(x) < 00 and (6.2) defines a function / : M — s- E. As P is a past 



63 



set, observe that any pair (t,x) with t < f(x) belongs to P (if t < f(x), there 
exists t' such that t < t' < f(x) and (t,x) <C (f',x) € P). Furthermore, / is 
Lipschitz (so, we can write P = P(/) according to Defn. |6.3[ ). In fact, otherwise 
f(y) > f( x ) + d + {x,y) for some x,y. Picking some t G (/(x) + d + (x,y), f(yj) we 
have (f(x),x) <C (f, y) G P, in contradiction to the facts that P is a past set and 
(f(x),x) g' P (P must be open). 

For the implication to the left, it suffices to prove that P(f) = I~[P(f)]. For 
the inclusion C, take any (t,x) G P(/)- Then, f < /(x), and so, there exists f' such 
that t<t'< f(x). In particular, (t.x) < (t',x) G P(/), since t' — t > — eP(x,x). 
For the inclusion D, suppose that (t, x) G 7 _ [P(/)]. Then, there exists some point 
{t',x') G P(/) such that (t, x) <C (t',x'), or, equivalently d + (x, x') < t' — t. Assume 
by contradiction that (t, x) ^ P(/)- Then, t > /(x). This joined to the fact that 
(t',x') G P(/), i.e. t' < /(x'), implies 

t'-t<f(x')-f(x)<d+(x,x / ), 

the latter inequality because / is Lipschitz. ■ 

Convention 6.5 As V is also a past and future set, we put P(oo) = P(— oo) := V. 



6.2 Future and past c-boundaries as point sets 

Next, we are going to construct the partial (future and past) c-boundaries. Consider 
a future-directed timelike curve 7 : [a, fi) — > V parametrize d as j(t) — (t, c(t)). By 
using that function t H> t — d + (-, c(t)) is increasing (recall (5.5 )), the past of 7 can 
be expressed in the following way: 

I~ H = {(*'- x 1 ) eV : (if, x') < 7(t) for some t G [a, fi)} 

= {(t', x') G F : t' < t — rf + (x', c(t)) for some t G [a, &,)} ,„ „s 

= {(t',x / )G^:t'<lim^ n (t-rf + (x / ,c(t)))} ' (b - dj 

= {(t',x')G^:t'<6+(x')}. 

Therefore, the set of all the IPs, 7^ V, can be identified with B + (M). When 

6+ = 00 then / — [7] = V, and this TIP will be denoted i + . Summing up: 

Proposition 6.6 A subset P C V (resp. P C V) is an IP if and only if P = 
P(b£) for some Busemann function (resp. for some finite Busemann function 
b+€B+(M)). 

Obviously, such a 6+ is univocally determined by P. Therefore, the study of the 
future c-boundary of (V, g) is reduced to the study of Busemann functions for the 
Finsler manifold (M, P + ). More precisely, choose any Xq in M, and notice that the 
following map is bijective, 

n+:B+(M)^RxM+ b+ c ^ (b+(x ), [b+]) (6.4) 



(7T+ may be non-continuous, see Section 6.5 1. Identifying each element of B + (M) 
with its image under tt^ , we can establish the following identification at a point set 
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level: 



V = B + (M) U {00} = (Rx Mg) U {i + } 
= (Ix (MUd£MUd£M))U{i + } 
= V U (E x 0+M) U (E x 9+M) U 



(Ex (M U9+M))u{i+} 



ay 



x d+M) U {i+} 



(E x d+M) U (E x 0+M) U 



This suggests a structure of cone for dV described below (Defn. 6.9). 

We proceed analogously for the past c-boundary. Consider a past-directed time- 
like curve 7 : [a, — Q) — > V parametrized as j(t) = (— t, c(t j). Then: 



7+[ 7 ] 



{(f,x')ev 
{(t',x')ev 
{(t',x')eV 

{(t',x')€V 



7(f) < (t',x') for some t G [a, -fi)} 
-t<t' - d + (c(t),x') for some t G [a, -fl)} 
f > Iim t _ > _ n (-t + d-(a / ,c(*)))} 



Proposition 6.7 ^4 subset F C V (resp. F C V) is an IF if and only if F — 
F(b~) for some Busemann function b~ (resp. for some finite Busemann function 
b~ G B~(M)). 

Defining a bijection tt~ q analogous to 7r+ o above, we also obtain the point set iden- 
tifications: 

V = V U (R x 8qM) U(1x dgM) U {i~} 
dV = (E x d^M) U (E x d B M) U {i~}. 



Convention 6.8 (A) When a point xq G M has been chosen as above, any set 
P G dV\{i + } in the future causal bou ndary will be determined univocally by a pair 
(ft,x + ) € Exc^M, according to ( 6.4 ) . Analogously, any terminal set F € <9y\{i~} 
in the past causal boundary will be represented by a pair (SI, x~) G E x 



(B) According to (5.6 1 and the conventions in Subsection 5.2.5| any non-proper 
forward or backward Busemann function bf determines univocally a pair p = 
(O,^) G E x d^M such that 



bt(-)=d±(-):=n T d ± (;x ± ) = tl T d± ± (-). 



(By Prop. |3.32 the domain of these functions can be extended to points of the 
form E x (9qM U 8qM).) Therefore, we can write 



B ± (M) \ B ± (M) = E x d%M 
independently of the choice of any point xq as above. 



(6.5) 



(C) In what follows, we will use the intrinsic decomposition (6.5) explained in 



(B), except when a point xq has been chosen explicitly, and the decomposition (6.4) 
is used. Thus, the pair (Q,x ) will be considered as explained in (A) (for all the 
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boundary points but v^) or in (B) (for points associated to the Cauchy boundary) 
depending on the context. In each case, we will say that the TIP P or the TIF F 



is associated to the pair (Cl,x ). Moreover, as the projection ( 6.4 1 on the second 
factor is independent of the chosen xq, we can also say that (J7, sc*) is associated to 
x ± , and that {"^ )xo( x± ) 1S the line on x ± . 

In order to express previous results more compactly, we introduce the following 
definition: 

Definition 6.9 For any topological space T , the forward cone with base T is the 
quotient topological space ((—00,00] xT)/~ where the unique non-trivial identifi- 
cations are (00, x) ~ (00, x') for all x, x' € T . The class of (00, x) will be called the 
apex of the cone. 

For notational convenience, we will consider when necessary the backward cone, 
obtained by means of an analogous construction for [—00,00) x T. 

The results in this section have been obtained at a point set level, and can be 
summarized as follow: 

Proposition 6.10 Let (V,g) be a standard stationary spacetime. Fixing a point 
xq G M, the future (resp. past) c- completion V (V ) is identified naturally as a 
point set with a forward (resp. backward) cone with basis Mg (resp. Mg) and apex 
i + (resp. i~ ). 

Moreover, the future (resp. past) c-boundary dV (resp. dV) is formed by a cone 
with basis d^M = d^M U d^M (resp. d^M = d^,M U d^M) and apex i + (resp. 

The extension of this result to a topological level will be studied in Section [675] 
6.3 The (total) c-boundary as a point set 

Next, we are going to construct the (total) c-boundary dV from the partial (future 
and past) ones. To this aim, it is essential to study which TIPs and TIFs are 



S-related, according to Section 2 (recall (2.1), (2.2)) 



Consider a timelike curve y± : [a, ±0) — > V parametrized as 7±(i) = (±t,c(t)) 
with c G C (M). If ±f2 = 00, the terminal set associated to j± is S-related to 



the empty set, since the common future/past is empty (see Prop. 6.1). So, we will 
assume ±0 < 00. The following result determines the common future/past of j± 
in terms of fi G K and the limit point of c in M c . 

Lemma 6.11 Consider a timelike curve "f± : [a, ±Q) — > V parametrized as 7±(£) = 
(±i, e(t)), with ±f2 < 00, c € C ± (M) and c(t) — > x ± G with the extended 



distance topology (Conv. 3.21) and denote p = (CI, x ) (Conv. 6.8 (B)). Then 



I~b+] = {(t',x') G V : H < d+{x') := fl - d+{x',x+)} = P(d+) 
t 7- [7+] = {(*,*') eV:t>> d-(x') := Q + d-(x',x+)} = F(d^) 

7 + [7-] = {(t',x') G V : t' > d-(x') :=n + d-(x',x-)} = F(d~) 
I7+[ 7 _] = {(t',x') G V : f < d+{x') :=n-d+(x',x-)} = P(d+) 



GO 



Proof. The expressions for / [7+] are straightforward from (6.3), and we focus on 



1 1" [7+] = I + [{(t',x') G V : 7+ (f) « (f.a/) for all t}} 

= I + [{(t',x') eV :d-(x',c{t)) <t'-t for all t}] 
= I + [{(t',x) G V : t + d~ (x' , c(t)) < i! for all t}]. 

Note that the function £ H> t + d~(x',c(t)) increases monotonically. In fact, since 
c G C+(M), and so, F+(c) < 1, it is 

d-(x',c(ii))-d-(a;',c(t 2 ))<d + (c(i 1 ),c(t 2 ))<i 2 -t 1 for h<t 2 . 

Therefore, 

t /"[7+] = G ^ : lim^o^ + <f-(a/,c(t))) < f}] 

= {(*',£') £F:i'> ^-(a;')}, 

the last equality for p — (Cl,x + ), recalling that length + (c) < 00, e(t) — > x + and 



Prop. 3.32 Finally, the expressions for 7_ are deduced similarly. 



Remark 6.12 Observe that Propositions |6.6[|6.7| and Lemma |6.11| remain true if we 
extend the set C (M) with curves of velocity lower or equal to one (recall Remark 



4.17). Therefore, there is no difference if we consider timelike or causal curves for 
the computation of the c-completion i.e. the c-boundary of any standard stationary 
spacetime is properly causal (any inextensible future-directed causal curve will also 
have an endpoint), according to Defn. 3.33 and Th. 3.35 in [12]. 

With previous lemma at hand, the following result can be established. 

Proposition 6.13 If P G dV, F G dV are represented by the same point (CI, x 3 ) G 
K x dfjM then they are S-related, P F . In particular, they define a unique 
element (P, F) G dV. 

Proof. Just observe that, from previous proposition, 

P =i F, F =t P, 

which provides the desired result. ■ 

This proposition establishes identifications between those TIPs and TIFs asso- 
ciated to the same point of E x d^M. Examples 6.19 and 6.20 illustrate situations 



where additional identifications between terminal sets appear; concretely, between 
TIPs and TIFs associated to points in d^M \ d^M and 8qM \ respectively. 
Remarkably, these identifications cannot appear in static spaces as F + = F~ (see 
also PQ), and so, they are characteristic of the standard stationary case. In the fol- 
lowing proposition we provide some restrictions for these additional identifications. 



Proposition 6.14 Let P,F be two terminal sets associated to (Cl + ,x + ), (fi ,x ) 
resp., where G K and x ± G d%M \ d s c M. If P ~ s F, then O" - 0+ = 

d~ (x~ , x + ). 
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Proof. Assume by contradiction that Cl~ — + ^ dr (x~ , x + ) and consider the cases: 

(A) - £1+ < d~(x~,x + ). Take S7 < t < 11+ + d~~(x~,x + ) and consider a 
sequence {(t,x n )} n C V such that x n — > x~ with the topology associated to the 
extended distance d~ . Then: 

lim(fi~ + d~(x n ,x~)) = fl~<t<Q + + d~(x~,x + ) = lim(fi + + d~ (x n , x + )). 

n n 

Therefore, if we take n £ N such that fi~ + d~(x no ,x~) < t < fl + + d~(x n „,x + ), 
then (t, x no ) £ F and (t, x no ) P> m contradiction with P F. 

(B) Q~ - Q+ > d-(x-,x+). Take U = 0+ + cr(ar, x+) and denote by F the 

TIF associated to (£l,x~). As dV n , > , , one has P C P. Therefore: 

v ' ' (fi _ ,x-) (n,x-)' ^ 

(t,x)eF =>■ t>U + d~(x,x~) 

=>■ t>tt+ +d-(x~,x + ) + d~(x,x~) > f2+ +d~(x,x + ) 

=> (t,x)etR 

Hence (F £,)F Cf P, in contradiction to the maximality of F in j' P required from 
P~ S F. m 

Summing up: 

Theorem 6.15 Let V = R x M be a standard stationary spacetime. Then, those 
pairs (P, F) in the causal boundary dV which have P ^ 0, satisfy P — P(& + ) for 
some c £ C + {M), and: 

(a) If b+ = oo then P = V,F = 0. 

f&J Ifb+ £ B+(M) ffcen P = 0. 

(c) 7/6+ e B+(M) \ B+(M)(= R x d^M), t/ien b+ = d+ with p = (fi+,x+) € 
R x OqM and F C F{d~). In this case, there are two exclusive possibilities: 

(el) either F = 0, 

fcg) orF = F(d~,) with p' = (fi _ , £") elx 8qM and satisfying Or - fl+ = 
d~(x~ ,x + ) (in this case, p' is not necessarily unique). 

Moreover, if x + £ d^M , then (c2) holds with p' = p, j" P = F(d p ) and P is 
univocally S-related with F = F(d~). 

A dual result holds for pairs (P, F) £ dV with F ^ 0. 

Observe that, for P ^ 0, previous theorem determines a unique F such that 
P ~s F except in the particular case when P = P(g? + ) and p = (fl + ,x + ) £ 
R x (d^M\d^M). The presence of these exceptions is related with the boundedness 
of the quasi-distance dg associated to the generalized metric space (M,d + ) (recall 
Remark 3.33). In fact, these exceptions will not appear if we suppose that dg is a 
generalized distance: 
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Corollary 6.16 If (Al,d + ) is a generalized metric space with either forward or 
backward evenly pa iring boundary, then the c- completion ofV is simple as a point set 
(according to Def. 2.4-)- In particular, this happens if dq is a generalized distance. 

Proof. The proof follows by analyzing the case (c2) in Theorem 6.15 In fact, if 
P = P{d+) with p = e K x (d£M \ d s c M), then f P = ( recall Lemma 



6.11 and Definition 3.34 1. For the last assertion recall Corollary 3.35 

Finally, recall that each point x^ 1 
line {bf+k 



[b^r] € d^ M determines in a natural way a 



6.8 



(C)) and then a (point set) cone. 



k € R} in dV, dV (Convention 
If V has a c-completion which is simple as a point set, such lines also yield a simple 
picture of the c-boundary: dV is composed by all the lines in dV and dV. But, 
when the point in d^M belongs to d s c M, then the lines for dV and dV must be 
identified as a single one — they represent S'-paired elements. If the c-completion 
is not simple, the pairings are not so trivial. However, the structure of lines can be 
also defined, as we do now for future referencing. 

Definition 6.17 Consider a point (P,F) € dV with ^ P = P(b+). Then, we 
define the line over (P,F), which will be denoted L(P,F), as: 

• IfF = $ thenL{P,%) :={(P',0) : P' = P(b+ + k), keR}. 



IfF^Q), and so P = P{d+),F = F(d~,) (recall Th 



eorem 



6.15), then 



L(P,F) :={(P',F'):P' = P(d+ + k),F' = F(d-,+k),keR}. 

A dual definition is assumed for (P, F) € dV with 7^ F = F(b~). 

Remark 6.18 Of course, if P 7^ 7^ F, then the two definitions of line agree. 
Moreover, from the definition of the ^-relation, if P F with P = P(dp), F = 
F(d~,), then necessarily P' -5 F' with P' = P(d+ + k), F' = F{d' p ,+k) and keR. 
So, the definition of line for P ^ is consistent. 

Finally, we provide a pair of examples which illustrate the non-obvious possibilities 
in Theorem 16.151 



Example 6.19 (The possibility p' 7^ p in case (c2) of Theorem |6.15 can hold.) 
Consider a standard stationary spacetime as explained in Figure [2j Recall that this 
example satisfies 



d+M 



d+M 



{z + }, dgM = 8qM = {z~} and < d+(z+, z~) < 00. 
These properties imply that, if P is a TIP associated to z + , then f P is non-empty 



(recall Lemma 6.11), and one can find .S-related non-empty sets as follows. Take 
a maximal IF, F, into f P- Notice that F must be terminal: otherwise, any chain 
generating P, and so converging to F = I + (p) with the past chronological topology 
(recall that F is maximal in f P), must also converge to p with the topology of 
the manifold (since both topologies coincide on V), in contradiction to the terminal 
character of P. Hence, the TIF F(^ 0) is associated to p~ = , z~) for some Vt~ . 
As P cl F, let P' D P be some maximal IP into 1 F. Analogously, P' is associated 
to p + = (51 + , z + ) for some il + . By construction, P'~s-F with p + 7^ p~ . 
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d+M={z+,z+} 
9c M = {Hi^} 



d s c M = 
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Figure 7: This example is constructed by sticking two spaces as in Figure [2j In 
particular, ci,C3 (resp. 02,04) determine two points z^z^ € 8qM (resp. € 
8qM). Moreover, the distances d(zf ', zj) are finite for i, j = 1, 2, but z£ , zj ^ c^M 
(in fact, d s c M = 0). 



Example 6.20 (The suggested non-uniqueness of p' in Theorem 6.15 (c2) can 
hold.) Consider a standard stationary spacetime resulting from sticking two spaces 
as in previous example (see Figure [7|) . This spacetime is defined in such a way the 
following properties hold: 



d+(M) = {z+,z+}, do(M) = {z^,z^}, d+(z+,Zi) = d+{z+,zz) = r 
with < r < 00 and then P ~ s F, P' -5 F, P -5 F', P' ~ s F', where 
P={(i,z):t<d+ 



' ( ! ! +r x~) ( X 'J 

P> = {(t,x) : t < ^ n , 4) W} f = {(«,*) : t > W 2 -) (X)} - 



So, we have the existence of four terminal sets, P, P', F, F' satisfying 
(P,F),(P,F'),(P',F),(P\F')edV. 



Remark 6.21 The examples above become also relevant for the following discus- 
sions on the foundations of the notion of "causal boundary" : 

(a) The idea that some TIP may be S-paired with more than one TIF was stressed 
by Marolf and Ross |26l Figure 3]. However, their example might be regarded 
as somewhat "artificial' (namely, some topological manipulations are carried out 
in their construction). Example 6.20 yields the same effect without topological 
manipulations. 

(b) By modifying Marolf and Ross' example, Flores constructed a new one which 
stressed that the set of all the S-related pairs could yield a "non-minimal" comple- 
tion. Again, this effect is reproduced by the "less artificial" Example |6.20| The 
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choice of non-minimal completions in the definition of c-boundary is discussed in 

QUID]. 

(c) Even when the pairs (P, F) with P ^ ^ F are univocally determined by P 



(or F), the highly non-trivial identification in Example 6.19 stresses the limitations 
of the conformal boundary [T2, Figure 11, 12]. Such non-trivial identifications 
have been relevant to understand the AdS-CFT correspondence in plane waves (see 
[231 IT5] and references therein) . 

6.4 Causality of the c-boundary 

In this section we are going to study the causal relations between points of the c- 



boundary of a standard stationary spacetime. Recall that in Section 2.1 we defined 
the chronological relation between points of the c-completion, but not a causal 
relation which extends the relation < on the spacetime to pairs (P, F), (P', F') € V . 
For our purposes, it is enough to consider the following obvious sufficient criterium 
for (P, F),(P',F') eV with either P ^ or F' ^ 0: 

P C P' and F' C F =>■ (P, P) < (P', P'). 

In the particular case of standard stationary spacetimes (which have a properly 



causal c-boundary, see Remark 6.12|, this criterium can be also regarded as the 
definition of <, but we will not discuss this point here. Simply, we point out that a 
general definition of < in V should take into account that the chronological relation 
always induces a causal relation (see [23 Defn. 2.22, Th. 3.69]); we refer to (T2J 
Sect. 3.5] and [551 Sect. 3.2] for further discussions. 



We focus on causal relations between points of the same line (Definition 6.17). To 
this aim, we introduce the following definitions, which interpret the causal relations 
in our case: 

Definition 6.22 Consider a pair (P,P) with P = P(b+) and F = F(b~,) (or 
F = 0J, and consider two arbitrary pairs 

(P(6+ + fa), F(b-, + fa)), (P(6+ + fa), F(b- + fa)) e L(P, F). 

Then, the line L(P, F) is: 

Timelike if for fa < fa, (P(b+ + fa), F(b~, + ki)) < (P(b+ + k 2 ), F(b~, + k 2 )). 



Horismotic if for fa < k 2 , (P{b+ + fa),F(b-,+fa)) < (P{b+ + k 2 ),F(b-+k 2 )), 
but they are not chronologically related. 

Locally horismotic if, for each fa , there exists S > such that for any fa G M 
with\k 2 -fa\<5, (P(b+ + fa),F(b-,+fa)) and (P(6+ + fa), F{b^ +k 2 )) are 
causally but not chronologically related. 

Note that, for a curve in a spacetime, previous definitions of the causality of a 
line correspond with being timelike, lightlike with no cut points and lightlike, resp. 
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Moreover, from the stationary character of the metric, 6 in the definition of locally 
horismotic can be chosen independently of k\ . 

The causal relations for the c-boundary of a standard stationary spacetime are 
summarized in the following proposition: 

Proposition 6.23 Consider a point (P, F) £ dV with P =t and its associated 
line L(P,F). Then: 

(i) If F = 0, then L(P, 0) is horismotic. 

(ii) If F ^ 0, and so, P = P{d+), F = F(d~,) (necessarily, with p = (fl,x + ) € 
R x d£M, p' = (0 + d+{x+,x-),x-) eRx d^M). Then: 

1. If p = p' , L(P, P) is timelike. 

2. If p 7^ p' , L(P, F) is locally horismotic. 

Proof, (i) Consider two points in the line, (P(6+ +fc x ), 0), (P(b+ +k 2 ), 0) G L(P, F). 
If fci < fc 2 thenP(6+ + fci) C P{b+ + k 2 ) and 0nP(fe+ + fc 2 ) = 0. So, (P(6+ + *i),0) 
is causally related with (P(6+ + fc 2 ), 0), but it is not chronologically related, i.e. the 
line is horismotic. 

(ii) If F ^ 0, and so, P = P(d+ ), P = P(<Py), reasoning as in previous paragraph 
we can check that P(d++fci) C P{d++k 2 ) and F(d~,+k 2 ) C F(d' pl +k 1 ) for /ci < fc 2 . 
Then, (P(d+ + fei),P(d;, + fci)) < (P(d+ + k 2 ),F(d-, + k 2 )). Now: 

1. Yoxp = p' = (fl, x s ) e Rxd s c M, observe that (Tt,x) € P{d+ +k 2 )r\F{d- +kx), 
with f2 = SI + (kx + k 2 )/2 and x G M such that d ± (x, X s ) < (fc 2 -k 1 )/2 (recall 
that x s € 8qM). In conclusion, both pairs are also chronologically related. 

2. For p ^ p', the line L(P, F) is locally horismotic. In fact, if two points of the 
line were chronologically related, then we would have (t,x) € P(dp + k 2 ) H 
F(d~,+ki), for some fc 2 > fci. Therefore, £ < + fc 2 and t > £1 + rf+ (x + , x~ ) + 
ki, which is only possible if k 2 — k\ > d + {x + , x~). ■ 

Remark 6.24 This last point 2 in the previous proof is sharper in the determina- 
tion of the locally horismotic character of the line L(P, F) for p ^ p'. In fact, when 
the two values kx, k 2 of the parameter of the line satisfies \kx — k 2 \ < d + (x + , x~), 
the corresponding points in L(P, F) are not chronologically related. So, d + (x + , x~) 
behaves as a lower bound for the appearance of a "cut point" along L(P, F). 



6.5 Topology of the partial boundaries and the c-boundary 

In Proposition |6 . 10| we established that the point set structures of the future com- 
pletion and the future boundary can be regarded in a natural way as a cone. In 
fact, for any xq in M, the map 7r+ defined in (6.4) is bijective. 

In order to extend the cone structure of V and dV to a topological level, some 
issues on the chronological topology appear. On one hand, if the chronological 
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topology differs from the pointwise one, the map 7r+ may be non- continuous (this 
happens when a sequence {/„} which converges chronologically to a function /, 
does not converge pointwise at Xq, he. {f n (xo)} -fa /(^o))- On the other hand, the 
continuity of nj at some point may depend on the choice of Xq S M: observe that, 



in Example 4.9 the chronological and pointwise convergences of {x n } differ, but 



x 



(a, b), preserves the limit if, and only if, b — 1/2 (see Figure [4] (B) for an 
intuitive idea). 

At any case, the continuity will be ensured if we consider the pointwise topology. 
So, we are interested in the cases when both topologies, the chronological and the 



pointwise one, coincide. With this aim, note first (compare with Theorem 5.39) 



Lemma 6.25 If M% is Hausdorff then the pointwise and the chronological topolo- 
gies coincide on B + (M). 

Proof. Assume that {b^ n } C B + (M) converges to some fo+ 6 B + (M) with the 
chronological topology, and let us prove that it also converges with the pointwise 
one (the converse follows from Prop. 



5.29). From Lemma 



5.38 



_ B+(M) is ULL, 

thus, L is of first order (Proposition 5.37) and 6+ G L({6+ }). Obviously, C 



Mg converges to [6+] 6 AI^ with its own chronological topology, and s o, it also 

applies). 



5.39 



converges with the pointwise one (as Mg is Hausdorff, Theorem 
Therefore, there exist some constants {k n } C K such that {&+ 
converges pointwise to 6+ € B + {M). Moreover, from the definition of chronological 
limit (see (5.7)), k n 
knj > e > 0, or k nj < 
6+ + e/2 < liminf 6+ , and so, {&+ } does not converge chronologically to 6+, since 

6+ + e/2 violates the maximal character of (recall (b) in (5.7)). In the second 
, which violates condition (a) in (5.7). ■ 



Cf~C B+(M) 



0. In fact, otherwise, there are two possibilities: either 
e < 0, for some subsequence {rij}j C {n}. In the first case 



bj > lim inf „ b;. 



Theorem 6.26 Let V = K x M be a standard stationary spacetime. If Mi 
Hausdorff then the map 7r+ o in (6.4) is an homeomorphism for all xq G M. 



is 



So, in this case, the future causal completion V = B + (M)U{oo} is a (topological) 
with basis Rig and apex i + , and the future causal boundary dV — B + (M) \ V 



is also a (topological) cone with basis d^M and 



apex i 



Proof. By previous lemma, the subset B + (M) of V is endowed with the pointwise 
convergence topology, and then, 7T+ is obviously continuous. For the continuity 
of the inverse, observe that if {[&^~J} converges pointwise to [6+] and {^(^o)} 
converges to b^(xo), necessarily {&+ } converges pointwise to b^ . Finally, as {6+ = 
(t n ,x + )} C K x Mg converges to i + if and only if t n — > 00, we deduce that the 
future causal completion V (rcsp. the future causal boundary dV) is a topological 



;+ 



cone with base Mg (resp. d^M) and apex 

The definition of the chronological topology, combined with Theorem |6.15| and 
Proposition 6.23| yields a full description of the c-completion of a stationary space- 



time. Now, Theorem |6 . 26 1 shows that the topological structure of the partial bound- 
aries is particularly simple when is Hausdorff. Even in this case, the topological 
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structure of the (total) c-boundary presents some complications related with the am- 
biguity appeared at the point set level (recall Theorem 6.151. So, in order to ensure 
a well behaviour of the S-relation and obtain a nice description of the topology of 
the (total) c-boundary, additional conditions are required: 



Theorem 6.27 Let V 



X M be a standard stationary spacetime. If Mq is 



locally compact and dg is a generalized distance, then V is simple, and so, V is 
homeomorphic to the quotient topological space (V Ud V) / 



Proof. According to Definition 2.4 and Proposition 2.5 (2), it suffices to show that 
a pair (P,F) € V with P ^ ^ F is limit of a sequence {(P n ,F n )} whenever 
P E L(P n ) or F £ L(F n ). In fact, if say P £ L{P n ), le t us see that F £ L(F n 



Since dg is generalized and P ^ ^ F, Theorem 
implies that P — P(d+), F = F(d~) for some p = 
locally compact, P n has to be of the form P(dp ), p. 
big e nough, and such that x s n — > x s (recall Prop. 5.24[) 



6.15 



(see also Corollary 6.161 



x M£. As Mq is 



6.15 



x Mq, for n 



Moreover, from Theo rem 
5.5 and 



also F n — F(d pn ). Since p n — > p, it is F 6 L(F n ) (recall Lemma 
Proposition |5.29| ■ 

Finally, summarizing previous results: 

Corollary 6.28 Let V = R X M be a standard stationary spacetime. If dg is a 
generalized distance, Mq is locally compact and M B are Hausdorff, then V is simple 
anddV,dV have the structure of topological cones with bases d^M, d^M (being the 
apexes denoted i + ,i~) resp. Therefore, the completion V is homeomorphic to the 
quotient topological space V Ud V / ^s, where V, V has the structure of topological 
cones with bases Mg,M B (and same apexes i + , i~ ), resp. 

Remark 6.29 Summarizing, Figure [9] represents the point set and causal struc- 
tures of the c-completion of a standard stationary spacetime. The c-boundary illus- 
trated in the figure is simple as a point set; if this condition did not hold, only the 
addition of new locally horismotic lines (as the depicted "helix") through pairs type 
(Ps,Fz) or (P^F-j) would be required. The first diagram in Figure [8] summarizes 
the implications at these pointset and chronological levels. 

In order to ensure also the topological structure suggested by Figure |9j two 
conditions have to be imposed: the Hausdorffhess of Mg (to obtain the topological 
structure of double cone, recall Th. 6.26), and the (topological) simplicity of dV 
(to ensure the good behavior of the identifications). The second diagram in Figure 
M summarizes when these properties are ensured. Recall that: (a) when Mg is 
Haus dorff, both the chronological topology on V is also Hausdorff (recall Lemma 
6.25 and the identifications between terminal sets and B ± (M)), and V is simple 
as a point set (Proposition |2.5(4)), (b) the simplicity of dV is ensured under the 



conditions in Theorem 16.271 

Particularized to the static case (when dg is directly a generalized distance), 

culminates the study of dV in [20l HI], and Corollary 6.28 gives the 



6.26 



Theorem 

correct topological description of dV, thus completing [1 . Recall that the pairings 
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for the boundary in the static case are trivial. So, Figure [10] gives a full intuitive 
picture of the point set and causal structures of the boundary, which is also valid 
at the topological level when Mc is locally compact and Mb Hausdorff. 



6.6 Proof of Theorem 11.21 



Now, we are in conditions to summarize the proof of Theorem |1.2| 

Proof of Theor. Assertion (1A) of the point set structure follows from Propo- 



sition 



6.10 Assertion (IB) follows from Theorem 6.15 



The assertion about the causal structure is summarized in Proposition |6.23| 
Finally, about the topological structure, assertions (3A) and (3B) follow from 
Theorems |6.26 and 6.27 resp. The last paragraph is proved in Corollary |6. 28 ■ 
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dj. generalized 



Figure 8: Sufficient general conditions which simplify the structure of the c- 
boundary both, as a point set and topologically (the arrows mean "implies"), see 
Remark 1623 

The character of simple as a point set for V (which is satisfied either if Ms is 
Hausdorff or if V is static) , is enough to ensure that dV includes a "natural double 
cone" as a point set. However, to ensure that this double cone appears also at the 
topological level, both conditions, Mg is Hausdorff and V is simple (also topologi- 
cally), arc imposed. In terms of the geometry of M, the latter condition is ensured 
by imposing both, Mq is locally compact and cIq is a generalized distance. 
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(Pi,0) : Pi from d ( 



P 2 , F 2 ) : P2, P^ 



;P 3 , P 3 ) : Pa, ^3 from d±M \ 



(0, Fx) : F 1 from 5, 
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Figure 9: Possibilities for the c-boundary of a standard stationary spacetime: 
The properly Busemann boundaries d^M determine the (forward, backward) di- 
rections of M at infinity. Each one yields a cone in dV with apex i + or i~ and 
horismotic lines from the apex. 

Each point x + of the Cauchy boundary d^M determines one (or more) lines with 
different properties depending on if it generates S'-relations (non-trivial pairings) 
with one (or more) points x~ € 8qM or not. If it does not, then x + generates a 
single horismotic line [see (Pi,0) in the figure; (0, Fx) represents the dual situation 
for DqM]. In the case that x + generates some ^-relation, there are two possibili- 
ties: (i) x + belongs to d^M, and so, it generates a single line, which is timelike [see 
{P2,F 2 )]; (ii) x + belongs to 8qM\8qM and generates one (or more) lightlike (i.e. 
locally horismotic) lines [represented as the "helix" through (P 3 ,F 3 )]. 
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Figure 10: The static case (when the Finsler metric on M becomes Ricmmanian) 
satisfies that d^M = OqM — dcM and d^M = <9gM; thus, the boundary is also 
symmetric under time reversal. As a point set, the c-boundary of a standard static 
spacetime is formed by two cones with bases dgM and apexes resp., and 

timelike lines associated to points of dcM. However, to ensure this structure at the 
topological level, the local compactness of Mc plus the Hausdorffness of Mb must 
be imposed. 
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